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&RQIHUHQFH 3DSHU

8VLQJ�FODVVHV�RI�HTXLYDOHQFH�LQ�WKH�GHWHFWLQJ�DQG�FRUUHFWLQJ�HUURUV�LQ�
WKH�ZRUGFRGH

$]LU�-XVXIL����;KHYDLU�%HTLUL���%XNXULH�,PHUL�-XVXIL�
�

�'HSDUWPHQW�RI�0DWKHPDWLFV��)DFXOW\�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV��8QLYHUVLW\�RI�7HWRYD
� 'HSDUWDPHQW�RI�DSSOLHG�HFRQRPLF��)DFXOW\�RI�WHFKQLFDO�VFLHQFHV�8QLYHUVLW\ ´0RWKHU 7HUHVD´� 6NRSMH

&RUUHVSRQGLQJ�$XWKRU���H�PDLO��D]LU�MXVXIL#XQLWH�HGX�PN

$EVWUDFW

'HYHORSPHQWV�LQ�UHFHQW�GHFDGHV�RI�WKH�VHFWRU�LQ�GLJLWDO�FRPPXQLFDWLRQ�KDYH�FUHDWHG�D�FORVH�UHODWLRQVKLS�EHWZHHQ�
PDWKHPDWLFV�DQG�FRPSXWHU�HQJLQHHULQJ��$Q�LPSRUWDQW�FODVV�RI�FRGHV�DUH�OLQHDU�FRGHV�LQ�WKH�YHFWRU�VSDFH�9��Q��T����
ZKHUH��*)��T���LV�D�ILQLWH�ILHOG�RI�RUGHU�T��/HW�&�EH�D�OLQHDU�>Q��N@�FRGH��$�JHQHUDWRU�PDWUL[�RI�&�LV�D�N�î�Q�PDWUL[�
VXFK�WKDW�WKH�URZV�DUH�EDVLV�YHFWRUV�RI�&�>Q��N@��,I�ZH�VSHFLI\�9�Q�T��DV�D�YHFWRU�VSDFH�RQ�WKHQ�WKH�OLQHDU�ELQDU\�FRGH�
&>Q�N@�LV�QRWKLQJ�HOVH��EXW�D�VXEVSDFH�RI�WKH�YHFWRU�VSDFH�9�Q�T���:KHQ�WUDQVIHUULQJ�WKH�ZRUGFRGHV�WKURXJK�GLIIHUHQW�
W\SHV�RI�REVWDFOH�FKDQQHOV��HUURUV�PD\�RFFXU��ZKLFK�ZH�QHHG�WR�GHWHFW�DQG�FRUUHFW��:LWK�FODVVHV�D�&��ZKHUH�D�LV�D�
YHFWRU� IURP�9�Q��T���ZH�FRQVWUXFW� WKH� VWDQGDUG�JURXS��ZKLFK�ZH�ZLOO�XVH� WR�GHWHFW�DQG�FRUUHFW� WKH HUURUV� LQ� WKH�
ZRUGFRGH��,I�WKH�ZRUG�FRGH��F�LV�VHQW��EXW�WKH�UHFHLYHG�YHFWRU�LV�U��ZH�GHILQH�WKH�HUURU�YHFWRU�H� �U�í�F��7KH�HUURU�
YHFWRU�ZKLFK�ZLOO�EH�FRUUHFWHG�DUH�SUHFLVHO\�WKH�FRVHW�OHDGHUV��LUUHVSHFWLYH�RI�ZKLFK�ZRUGFRGH�LV�WUDQVPLWWHG��%\�
FKRRVLQJ�D PLQLPXP�ZHLJKW�YHFWRU�LQ�HDFK�FRVHW�DV�FRVHW�OHDGHU��ZH�HQVXUH�WKDW�VWDQGDUG�DUUD\�GHFRGLQJ�LV�D�QHDUHVW�
QHLJKERXU�GHFRGLQJ�VFKHPH�

.H\ZRUGV� 9HFWRU�VSDFH��JHQHUDWRU�PDWUL[�FRGH��ZRUGFRGH��GHWHFWLRQ��FODVV�

�� 9HFWRU�6SDFHV�DQG�*HQHUDO�/LQHDU�&RGHV

,Q�RUGHU�WR�GHYHORS�WKH�WKHRU\�IRU�JHQHUDO�OLQHDU�FRGHV��ZH�QHHG�VRPH�GHILQLWLRQV�IURP�DEVWUDFW�DQG�OLQHDU�DOJHEUD�
7KH�ELQDU\�DOSKDEHW��DORQJ�ZLWK�PRGXOR���DGGLWLRQ�DQG�PXOWLSOLFDWLRQ��LV�WKH�VPDOOHVW�H[DPSOH�RI�D�ILHOG�

'HIQLWLRQ����� /HW�)�EH�D�ILHOG��$�VHW 9�RI�HOHPHQWV�FDOOHG�YHFWRUV�LV�D�YHFWRU�VSDFH�LI�IRU�DQ\
X�Y�Z�� 9�DQG�IRU�DQ\�F�G��)�
���X���Y�9�
���FY�� 9�
���X���Y� �Y���X�
���X����Y���Z�� ��X���Y����Z
��� � ��9�VXFK�WKDW�X����� �X�
���� X�9��� � �X�9���X�����X�� ���
���F�X���Y�� �FX� �FY�
����F���G�X� �FX���GX
���F�GX�� ��FG�X�
�����X� �X�
:H�RIWHQ�VD\�WKDW�)�LV�WKH�ILHOG�RI�VFDODUV��$Q�LPSRUWDQW�H[DPSOH�LQ�FRGLQJ�WKHRU\�LV�WKH�YHFWRU�VSDFH�RI�DOO�ELQDU\�Q�
WXSOHV��+HUH��WKH�YHFWRUV�DUH�WKH�ELQDU\�Q�WXSOHV�DQG�WKH�ILHOG�LV�*)��� ^���`��:H�VD\�WKDW���DQG���DUH�WKH�VFDODUV���
1RWH�9��Q�T��GHQRWHV�WKH�YHFWRULDO�VSDFH�RI�YHFWRUV�ZLWK�OHQJWK�Q�RQ�WKH�ILHOG�*)�^T`�
([DPSOH������/HW
V�PDUN�LW�9����� ^�������������������������������`� D�YHFWRU�VSDFH�RYHU��*)�^�`�
:H�ZLOO�XVH�WKH�YHFWRU�VXEVSDFHV�PRUH�RIWHQ�WKDQ�WKH�DERYH�IRUPDO�GHILQLWLRQ�RI�D�YHFWRU�VSDFH�
'HIQLWLRQ������/HW�9�EH�D�YHFWRU�VSDFH��$�VXEVHW�8�RI�9�LV�FDOOHG�D�VXEVSDFH�RI�9�LI�8�LV�LWVHOI�D�YHFWRU�VSDFH�XQGHU�WKH�
VDPH�RSHUDWLRQV�DV�9�
7KHRUHP������>�@�S����� /HW�9�EH�D�YHFWRU�VSDFH�DQG�)�EH�D�ILHOG��$�VXEVHW�8�RI�9�LV�D�VXEVSDFH�LI�



-RXUQDO�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV�RI�87��9RO�����1R� ���������

ϭϱϯ

���� X�Y�8����X���Y� 8�
���� F��)��X� 8����� FX�8�
7KH� YHFWRUV� X��� X��� �� �� �� �� XQ RI� D YHFWRU� VSDFH 9 DUH� VDLG� WR� EH OLQHDUO\� GHSHQGHQW�� LI� WKHUH� H[LVW� D ILQLWH QXPEHU�
VFDODUV QFFF ������ �� ��QRW�DOO�]HUR��VXFK�WKDW F�X� ��F�X� ����������FQXQ  ������ZKHUH � GHQRWHV�WKH�]HUR�YHFWRU�

7KH�YHFWRUV� X���X�����������XQ RI�D YHFWRU�VSDFH 9 DUH�VDLG�WR�EH OLQHDUO\�LQGHSHQGHQW LI�WKH�HTXDWLRQ
F�X� ��F�X� ����������FQXQ  ����FDQ�RQO\�EH�VDWLVILHG��� � LF IRU L ����«�Q�

'HILQLWLRQ������$�EDVLV�LV�D��PLQLPDO�FDUGLQDOLW\��VHW�RI�OLQHDUO\�LQGHSHQGHQW�YHFWRUV�WKDW�VSDQ�WKH�YHFWRU�VSDFH��7KH�
GLPHQVLRQ�RI�D�YHFWRU�VSDFH�9�LV�QXPEHU�RI�YHFWRUV�LQ�DQ\�EDVLV�IRU�9 �
'HILQLWLRQ����� /HW�9�EH�D�YHFWRU�VSDFH�RYHU�D�ILHOG�)�DQG�OHW�:�EH�D�VXEVHW�RI�9���,I�:�LV�D�YHFWRU�VSDFH�RYHU�)��WKHQ�
:�LV�D�YHFWRU�VXEVSDFH�RI�9��
7KHRUHP����� ��>�@��S������,I�:�LV�D�VXEVHW�RI�D�YHFWRU�VSDFH�9�RYHU�D�ILHOG�)��WKHQ�:�LV�D�YHFWRU�VXEVSDFH�RI 9� LI��DX�
��EY �: IRU�DOO�D�E��)�DQG�DOO�X�Y� :�
3URRI��6XSSRVH�WKDW�:�LV�D�YHFWRU�VXEVSDFH�RI�9���D�YHFWRU�VSDFH�RYHU�WKH�ILHOG�)��7KHQ��:�LV�LWVHOI��D�YHFWRU�VSDFH�RYHU�
)��7KHUHIRUH��E\�WKH GHILQLWLRQ�RI�YHFWRU�VSDFHV�Y��X��:�IRU�DQ\�Y��X��:�DQG�DY �:�IRU�DQ\�D�)��7KLV�GLUHFWO\�
LPSOLHV�WKDW�DX���EY �: IRU�DOO�D�E��)�DQG�DOO�X�Y� :��
1RZ�VXSSRVH�WKDW�DX���EY �: IRU�DOO�D�E��)�DQG�DOO�X�Y� : ��WKHQ��VHWWLQJ�D E ��)�JLYHV�WKH�ILUVW�UHTXLUHPHQW�
RI�D�YHFWRU�VSDFH�DQG�VHWWLQJ��D� ����)�DQG��E ����)�JLYHV�WKH�VHFRQG�UHTXLUHPHQW�RI�D�YHFWRU�VSDFH�

�� %LQDU\�/LQHDU�&RGHV

'HILQLWLRQ������$�ELQDU\�OLQHDU�FRGH�&�RI�OHQJWK Q LV�D�VHW�RI�ELQDU\�Q�WXSOHV�VXFK�WKDW�WKH�FRPSRQHQW�ZLVH�PRGXOR ��
VXP�RI�DQ\�WZR�ZRUGFRGHV�LV�FRQWDLQHG�LQ�&�
([DPSOH�����
/HW
V9����� ^�������������������������������`� D�YHFWRU�VSDFH�RYHU��*)�^�`�
7KH�VHW�&����� ^���������������`�LV�D�VXEVHW�RI�WKH�9�������
ZH�VHH�WKDW�������� ����&��������� ����&��������� ����&��������� ����&�
������� ����&��������� ����&��������� ����&��������� ����&��������� ����&��������� ���
�&�
VR�&�LV�WKH�ELQDU\�OLQHDU�FRGH��$OVR�&�FRPSOHWHV�WKH�FRQGLWLRQV�RI�WKH�VXEVSDFHV�
'HILQLWLRQ����� $�OLQHDU�FRGH�&�RI�OHQJWK�Q�RYHU�*)�T��LV�D�VXEVSDFH�RI�WKH�YHFWRU�VSDFH��9��Q��T��
'HILQLWLRQ����� 7KH�+DPPLQJ�ZHLJKW�Z�F��RI�D�ZRUGFRGH�F�LV�WKH�QXPEHU�RI�QRQ]HUR�FRPSRQHQWV�LQ�WKH�ZRUGFRGH�
([DPSOH����� Z������� ����Z������ ����Z���������� ���

'HILQLWLRQ������7KH�+DPPLQJ�GLVWDQFH�EHWZHHQ�WZR�ZRUGFRGHV�G�[��\��LV�WKH�QXPEHU�RI�SODFHV�LQ�ZKLFK�WKH�ZRUGFRGHV�
[�DQG�\�GLIIHUHQF��,Q�RWKHU�ZRUGV��G�[��\��LV�WKH�+DPPLQJ�ZHLJKW�RI�WKH�YHFWRU�[��\��UHSUHVHQWLQJ�WKH�FRPSRQHQW�ZLVH�
GLIIHUHQFH�RI�WKH�YHFWRUV�[�DQG�\�
([DPSOH������G������������� ���
'HILQLWLRQ����� 7KH�PLQLPXP��+DPPLQJ��GLVWDQFH�RI�D�FRGH�&�LV�WKH�PLQLPXP�GLVWDQFH�EHWZHHQ�DQ\�WZR�ZRUGFRGHV�
LQ�WKH�FRGH��G�&�� �PLQ ^G�[��\��_�[� z \���[��\�� &`�

7R�HDVLO\�FDOFXODWH�WKH�GLVWDQFH�RI�FRGH�&��ZH�JHW
7KHRUHP������>�@��S��� 7KH�PLQLPXP�GLVWDQFH��G�&���RI�D�OLQHDU�FRGH &�LV�HTXDO�WR�Z�F���WKH�ZHLJKW�RI�WKH�ORZHVW�
ZHLJKW�QRQ]HUR�ZRUGFRGH�
3URRI� 7KHUH�H[LVW�ZRUGFRGHV�[�DQG�\�LQ�&�VXFK�WKDW�G�&�� �G�[ \���%\�WKH�GHILQLWLRQ�RI�+DPPLQJ�GLVWDQFH��ZH�FDQ�
UHZULWH�WKLV�DV�G�&�� �Z�[�\���1RWH�WKDW�[�\�LV�D�ZRUGFRGH�LQ�&�E\�WKH�OLQHDULW\�RI�&��7KHUHIRUH��VLQFH�Z�F��LV�WKH�
ZHLJKW�RI�WKH�ORZHVW�ZHLJKW�ZRUGFRGH��ZH�KDYH�Z�F�� d Z�[�\�� G�&��
2Q�WKH�RWKHU�KDQG��WKHUH�H[LVWV�VRPH�ZRUGFRGH�F� &�VXFK�WKDW�Z�F�� �Z�F���%\�WKH�GHILQLWLRQ�RI�WKH�ZHLJKW�RI�D�
ZRUGFRGH��ZH�FDQ�ZULWH�Z�F�� �G�F�����6LQFH�F�DQG���DUH�ERWK�ZRUGFRGHV��WKH�GLVWDQFH�EHWZHHQ�WKHP�PXVW�EH�JUHDWHU�
WKDQ�RU�HTXDO�WR�WKH�PLQLPXP�GLVWDQFH�RI�WKH�FRGH��G�F����� t G�&���6WULQJLQJ�WRJHWKHU�WKHVH��LQ��HTXDOLWLHV��VKRZV�WKDW�
Z�&�� t G�&��
6LQFH�ZH�KDYH�QRZ�VKRZQ�WKDW�ERWK�G�&�� t Z�F��DQG�G�&�� d Z�F���ZH�FRQFOXGH�WKDW�G�&�� Z�F��

([DPSOH������7KH�PLQLPXP�GLVWDQFH��G�&���RI�D�OLQHDU�FRGH�& ^���������������` LV�G�&�� Z����� ��
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�� *HQHUDWRU�0DWULFHV��(TXDWLRQ�FKHFN�PDWULFHV

'HILQLWLRQ �����$�N[Q�PDWUL[�*�ZKRVH�URZV�IRUP�D�EDVLV�IRU�DQ�>Q��N@�OLQHDU�FRGH�&�LV�FDOOHG�D�JHQHUDWRU�PDWUL[�RI�WKH�
FRGH�&�
([DPSOH������6XSSRVH�ZH�QHHG�D�>���@�ELQDU\�OLQHDU�FRGH�&� WKDW�LV��ZH�QHHG�D���GLPHQVLRQDO�YHFWRU�VXEVSDFH�RI�9�
��������WKH�YHFWRU�VSDFH�RI�ELQDU\���WXSOHV��,Q�RUGHU�WR�GHIQH�D���GLPHQVLRQDO�YHFWRU�VXEVSDFH�RI�9���������ZH�QHHG���
OLQHDUO\�LQGHSHQGHQW�EDVLV�YHFWRUV��$UELWUDULO\��OHW
V�FKRRVH�WKHVH�YHFWRUV�WR�EH�����DQG������/HW�&�EH�VSDQQHG�E\�WKHVH�
YHFWRUV��7KHQ�WKH�JHQHUDWRU�PDWUL[�LV

»
¼

º
«
¬

ª
 

���

���
*

$W�ILUVW�ZH�VHH�LI�WKH�URZV�DUH�OLQHDUO\�LQGHSHQGHQW �
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7DNLQJ�DOO�WKH�OLQHDU�FRPELQDWLRQV�RI�WKH�URZV�LQ�*��ZH�JHQHUDWH�WKH�FRGH�&� ^���������������`�
,I�JHQHUDWRU�PDWUL[�*�LV� > @3,* N _ WKHQ�LW�LV�FDOOHG�LQ�VWDQGDUG�IRUP�
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'HILQLWLRQ����� /HW�&�EH�DQ�>Q��N@�OLQHDU�FRGH��$�HTXDWLRQ�FKHFN�PDWUL[�IRU�&�LV�DQ��Q�� N��[�Q
PDWUL[�+�VXFK�WKDW�F��&�LI�DQG�RQO\�LI�F+7  ���

7KH�JHQHUDWRU�PDWUL[�FDQ�EH�XVHG�WR�FRQVWUXFW�DQ�HTXDWLRQ�FRQWURO�PDWUL[�IRU�D�FRGH�DQG�YLFH�YHUVD��,I�WKH�JHQHUDWRU�

PDWUL[�*�LV�LQ�WKH�VWDQGDUG�IRUP� > @3,* N _ �WKHQ�WKH�HTXDWLRQ�FRQWURO�PDWUL[�LV� > @NQ
7 ,3+ � _ � 7KLV�LV�D�FRQFOXVLRQ�

RI�WKH�IDFW�WKDW�WKH�HTXDWLRQ�FRQWURO�PDWUL[�E\�&�LV�D�JHQHUDWRU�PDWUL[�RI�WKH�GXDO�FRGH� A& RI�&��

([DPSOH�������7KH HTXDWLRQ�FRQWURO�PDWUL[�RI� > @ »
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�� &ODVVHV�RI�HTXLYDOHQFH��7KH�GHWHFWLQJ�DQG�FRUUHFWLQJ�HUURUV�LQ�WKH�ZRUG�FRGH

7KH�GHILQLQJ�HTXLYDOHQFH�RI�D�HTXDWLRQ�FKHFN�PDWUL[��F��&� � F+7  ����LV�XVHG�LQ�WKH�ILUVW�VWHS�RI�WKH�GHFRGLQJ�RI�
OLQHDU�FRGHV��
:H�PDUN�LW���F� VHQW�YHFWRU��U� UHFHLYHG�YHFWRU����H� HUURU�YHFWRU�
1RWH�WKDW�F���H� �U��PRG��
8SRQ�UHFHLYLQJ�D�YHFWRU�U��WKH�SURGXFW�U+7 LV�FRPSXWHG��,I�WKH�UHVXOW�LV����ZH�DVVXPH�WKDW�QR�HUURUV�KDYH�RFFXUUHG�DQG�
GHFRGH�WKH�UHFHLYHG�YHFWRU�DV�U�
%XW�LI�U+7 ���"
'HILQLWLRQ������/HW�&�LV�DQ�>Q��N@�OLQHDU�FRGH�RYHU�*)�T��DQG�WKDW�D LV�DQ\�YHFWRU�LQ�9��Q��T����7KH�VHW�D���&� �^D���F�_�
F��& `�LV�FDOOHG�D�FODVVH�RI�HTXLYDOHQFH�RI�&�

��� TQ9D� LV�WKH�FODVV�UHSUHVHQWDWLYH��OHDGHU��DQG�XVXDOO\�WDNHV�WKH�PLQLPXP�ZHLJKW�

([DPSOH������/HW�&�EH�WKH�ELQDU\�>����@�OLQHDU�FRGH�ZLWK�JHQHUDWRU�PDWUL[� »
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7KHQ�& ^�������������������`�DQG�WKH�FODVVHV�RI�HTXLYDOHQFH�RI�&�DUH
� �������&  �^����������������������`
� �������&  �^����������������������`
� �������&  �^����������������������`
� �������&�  �^����������������������`

LI�ZH�ILQG�LW��������&  �^����������������������` �������& �
6LQFH�WZR�HTXLYDOHQFH�FODVVHV�DUH�HLWKHU�GLVMRLQW�RU�PDWFKLQJ��ZH�FRQFOXGH�WKDW�WKH�RQO\�FODVVHV�DUH������&�������&��
�����&�DQG������&�
,Q�RUGHU�WR�FDUU\�RXW�WKH�DERYH�GHFRGLQJ�DOJRULWKP��ZH�PDNH�D�VWDQGDUG�DUUD\�E\�OLVWLQJ�WKH�FODVVHV¶�HOHPHQWV�RI�&�LQ�
URZV��ZKHUH�WKH�ILUVW�HQWU\�LQ�HDFK�URZ�LV�WKH�FODVV�OHDGHU�
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1RZ��ZH�PDNH�D�VWDQGDUG�DUUD\�E\�OLVWLQJ�WKH�FODVVHV¶�HOHPHQWV�RI�&�LQ�URZV��ZKHUH�WKH�ILUVW�HQWU\�LQ�HDFK�URZ�LV�WKH�
FODVV�OHDGHU�

����������������������
����������������������
����������������������
����������������������

'HILQLWLRQ������([SUHVVLRQ�6��F�� �F+7��ZH�FDOO�V\QGURPH�RI�YHFWRU�F��
7KHRUHP�������>�@��S���� )RU�D�ELQDU\�FRGH��WKH�V\QGURPH�RI�D�UHFHLYHG�ZRUGFRGH�LV�D�YHFWRU�WKDW�LV�HTXDO�WR�WKH�VXP�
RI�WKH�FROXPQV�RI�+�WKDW�FRUUHVSRQG�WR�WKH�SRVLWLRQV�ZKHUH�HUURUV�RFFXUUHG�
3URRI��/HW�U�EH�D�UHFHLYHG�ZRUGFRGH�ZLWK�V\QGURPH�6�U�� �U+7 ��6LQFH U� �F�H��ZKHUH�F�LV�D�YDOLG�ZRUGFRGH�DQG�H�LV�
DQ�HUURU�YHFWRU��ZH�KDYH

6�U�� �U+7 ��F���H�+7 �F+7���H+7 �����H+7� �H+7

7KH HTXDWLRQ�FRQWURO�PDWUL[�RI�
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1H[W��ZH�FRXQW�WKH�V\QGURPH�RI WKH�URZ�OHDGHU�LQ�WKH�VWDQGDUG�DUUD\�WDEOH�DQG�DGG�WKHP�WR�WKH�HQG�RI�WKH�UHVSHFWLYH�
URZ�

� >����@ +7  >��@
� >����@ +7  >��@
� >����@ +7  >��@
� >����@ +7  >��@

:H�WDNH���������������������������������������������������������������

��������������������������
��������������������������
��������������������������
��������������������������

7KH�V\QGURPH�GHFRGLQJ�DOJRULWKP�ZRUNV�DV�IROORZV��:KHQ�D�YHFWRU�U�LV�UHFHLYHG��FDOFXODWH�WKH�V\QGURPH�6�U�� �U+7 ��
/RFDWH�WKH�V\QGURPH�LQ�WKH�WDEOH��ZKLFK�UHTXLUHV�ORRNLQJ�WKURXJK�RQO\�RQH�FROXPQ��'HFRGH�U�DV�U�H�ZKHUH�H�LV�WKH�
FODVV� OHDGHU� LQ� WKH�URZ�FRQWDLQLQJ�6�U���7KLV� LV�HTXLYDOHQW� WR�GHFRGLQJ�U�DV� WKH�ZRUGFRGH�DW� WKH� WRS�RI� WKH�FROXPQ�
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