
-RXUQDO�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV�RI�87��9RO�����1R� ���������

ϭϴϵ

8'&�����������������
&RQIHUHQFH 3DSHU

,QWURGXFWLRQ�WR�6WRFKDVWLF�'LIIHUHQWLDO�(TXDWLRQV

(QWHOD�.RVWULVWD���'HQDMGD�dLEXNX�

�
6FLHQWLILF�5HVHDUFK�&HQWHU��)DFXOW\�RI�$SSOLHG�6FLHQFHV��³/RJRV´�8QLYHUVLW\�&ROOHJH
��'HSDUWPHQW�RI��7RXULVP��(FRQRPLF�)DFXOW\��³/RJRV´�8QLYHUVLW\�&ROOHJH


&RUUHVSRQGLQJ�$XWKRU���H�PDLO��HQWHOD�NRVWULVWD#VKOSORJRV�HGX�DO

$EVWUDFW

6WRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQV�SURYLGH�D�OLQN�EHWZHHQ�SUREDELOLW\�WKHRU\�DQG�RUGLQDU\�DQG�SDUWLDO�GLIIHUHQWLDO�
HTXDWLRQV��7KH�VWRFKDVWLF�PRGHOHU�EHQHILWV�IURP�FHQWXULHV�RI�GHYHORSPHQW�RI�WKH�SK\VLFDO�VFLHQFHV��DQG�PDQ\�FODVVLF�
UHVXOWV�RI�PDWKHPDWLFV�FDQ�EH�JLYHQ�QHZ�LQWXLWLYH�LQWHUSUHWDWLRQV�

7KHUH�DUH�VHYHUDO�UHDVRQV�ZK\�RQH�VKRXOG�OHDUQ�PRUH�DERXW�6'(��7KH\�KDYH�D�ZLGH�UDQJH�RI�DSSOLFDWLRQV�RXWVLGH�
PDWKHPDWLFV��WKHUH�DUH�PDQ\�IUXLWIXO�FRQQHFWLRQV�WR�RWKHU�PDWKHPDWLFDO�GLVFLSOLQHV�DQG�WKH�VXEMHFW�KDV�D�UDSLGO\�
GHYHORSLQJ�OLIH�RI�LWV�RZQ�DV�D�IDVFLQDWLQJ�UHVHDUFK�ILHOG�ZLWK�PDQ\�LQWHUHVWLQJ�XQDQVZHUHG�TXHVWLRQV��7KH�SDSHU�LV�
PHDQW�WR�EH�DQ�DSSHWL]HU�DQG�LV�WKH�DQVZHU�RI�WKH�LVVXHV��

� ,Q�ZKDW�VLWXDWLRQV�GRHV�WKH�6'(�DULVH"�
� :KDW�DUH�LWV�HVVHQWLDO�IHDWXUHV"��
� :KDW�DUH�WKH�DSSOLFDWLRQV�DQG�WKH�FRQQHFWLRQV�WR�RWKHU�ILHOGV"

)LUVW�ZH�KDYH�FRQVWUXFWHG�:LHQHU�SURFHVV��RU�%URZQLDQ�PRWLRQ��7KH�VWXG\�RI�%URZQLDQ�PRWLRQ�FDQ�EH�LQWHQVH��

EXW�WKH�PDLQ�LGHDV�DUH�D�VLPSOH�GHILQLWLRQ�DQG�WKH�DSSOLFDWLRQ�RI�,W�ො /HPPD��7KHQ�ZH�ZLOO�GHDO�ZLWK�WKH�VWRFKDVWLF�
FDOFXOXV�DQG�WKHQ�ZH�ZLOO�VKRZ�WKDW�6'(V�FDQ�EH�VROYHG��,Q�WKH�HQG�ZH�ZLOO�VHH�WKH�PRGHOLQJ�SUREOHPV��+RZ�GRHV�
6'(V�PRGHO�WKH�SK\VLFDO�VLWXDWLRQ�DQG�ZKLWH�QRLVH�SURFHVV�ZKLFK�LV�WKH�JHQHUDOL]HG�PHDQ�VTXDUH�GHULYDWLYH�RI�WKH�
:LHQHU�SURFHVV�RU�%URZQLDQ�PRWLRQ�
.H\ZRUGV� 6'(��%URZQLDQ�PRWLRQ��,W�ො¶V�IRUPXOD��ZKLWH�QRLVH

���,QWURGXFWLRQ

6WRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQV��6'(V��SURYLGH�D�OLQN�EHWZHHQ�SUREDELOLW\�WKHRU\�DQG�WKH�PXFK�ROGHU�DQG�PRUH�
GHYHORSHG�ILHOGV�RI�RUGLQDU\�DQG�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV��:RQGHUIXO�FRQVHTXHQFHV�IORZ�LQ�ERWK�GLUHFWLRQV��7KH�
VWRFKDVWLF� PRGHOHU� EHQHILWV� IURP� FHQWXULHV� RI� GHYHORSPHQW� RI� WKH� SK\VLFDO� VFLHQFHV�� DQG�PDQ\� FODVVLF� UHVXOWV� RI�
PDWKHPDWLFV�FDQ�EH�JLYHQ�QHZ�LQWXLWLYH� LQWHUSUHWDWLRQV��7KH�SXUSRVH�RI� WKLV�SDSHU� LV� WR�SURYLGH�DQ� LQWURGXFWLRQ� WR�
6'(V�IURP�DSSOLHG�SRLQW�RI�YLHZ�

7KHUH�DUH�VHYHUDO�UHDVRQV�ZK\�RQH�VKRXOG�OHDUQ�PRUH�DERXW�6'(��7KH\�KDYH�D�ZLGH�UDQJH�RI�DSSOLFDWLRQV�RXWVLGH�
PDWKHPDWLFV�� WKHUH� DUH�PDQ\� IUXLWIXO� FRQQHFWLRQV� WR� RWKHU�PDWKHPDWLFDO� GLVFLSOLQHV� DQG� WKH� VXEMHFW� KDV� D� UDSLGO\�
GHYHORSLQJ�OLIH�RI�LWV�RZQ�DV�D�IDVFLQDWLQJ�UHVHDUFK�ILHOG�ZLWK�PDQ\�LQWHUHVWLQJ�XQDQVZHUHG�TXHVWLRQV��
,Q�WKLV�SDSHU�ZH�ZRXOG�QRW�EH�VR�LQWHUHVWHG�LQ�WKH�SURRI�RI�WKH�PRVW�JHQHUDO�FDVH��EXW�UDWKHU�LQ�DQ�HDVLHU�SURRI�RI�D�

VSHFLDO�FDVH��ZKLFK�PD\�JLYH�MXVW�DV�PXFK�RI�WKH�EDVLF�LGHD�LQ�WKH�DUJXPHQW��$QG�ZH�ZRXOG�EH�ZLOOLQJ�WR�EHOLHYH�VRPH�
EDVLF�UHVXOWV�ZLWKRXW�SURRI�LQ�RUGHU�WR�KDYH�WLPH�IRU�VRPH�PRUH�EDVLF�DSSOLFDWLRQV��7KLV�DUWLFOH UHIOHFWV�WKLV�SRLQW�RI�
YLHZ��6XFK�DQ�DSSURDFK�HQDEOHV�XV�WR�UHDFK�WKH�KLJKOLJKWV�RI�WKH�WKHRU\�TXLFNHU�DQG�HDVLHU��7KH�PDWHULDO�KDV�EHHQ�
VHOHFWHG�ZLWK�D�YLHZ�RI�EHLQJ�HQRXJK�WR�EULQJ�RXW�WKH�PDLQ�FKDOOHQJHV�RI�WKH�WRSLF�EXW�DW�WKH�VDPH�WLPH�LQWURGXFWRU\�
HQRXJK�WR�UHTXLUH�RQO\�D�PRGHVW�PDWKHPDWLFDO�EDFNJURXQG��6R��WKH�DUWLFOH�LV�PHDQW�WR�EH�DQ�DSSHWL]HU��,I�LW�VXFFHHGV�
LQ�DZDNLQJ�IXUWKHU�LQWHUHVW��WKH�UHDGHU�ZLOO�KDYH�D�VHOHFWLRQ�RI�H[FHOOHQW�OLWHUDWXUH�DYDLODEOH�IRU�WKH�VWXG\�RI�WKH�ZKROH�
VWRU\�
)LUVW�ZH�KDYH�GHILQHG�WKH�6WRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQV�DQG�WKHLU�VROXWLRQV�

)L[�D�SRLQWݔ�଴ א ܴ௡ DQG�FRQVLGHU�WKHQ�WKH�RUGLQDU\�GLIIHUHQWLDO�HTXDWLRQ�



-RXUQDO�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV�RI�87��9RO�����1R� ���������

ϭϵϬ

�2'(����൝

ௗ

ௗሺ௧ሻ
ሻݐሺݔ ൌ ܾ൫ݔሺݐሻ൯ ሺݐ ൐ Ͳሻ

ሺͲሻݔ ൌ ଴ݔ
ǡ

ZKHUH�E���ܴ௡ ĺ�ܴ௡ LV�D�JLYHQ��VPRRWK�YHFWRU�ILHOG�DQG�WKH�VROXWLRQ�LV�WKH�WUDMHFWRU\���[�W����>�����ĺ�ܴ௡�

7UDMHFWRU\�RI�WKH�GLIIHUHQWLDO�HTXDWLRQ

,Q�PDQ\�DSSOLFDWLRQV��KRZHYHU��WKH�H[SHULPHQWDOO\�PHDVXUHG�WUDMHFWRULHV�RI�V\VWHPV�PRGHOHG�E\��2'(��GR�QRW�LQ�IDFW�
EHKDYH�DV�SUHGLFWHG�

6DPSOH�SDWK�RI�WKH�VWRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQ

+HQFH�ZH�FDQ�PRGLI\��2'(��WR�LQFOXGH�WKH�SRVVLELOLW\�RI�UDQGRP�HIIHFWV�GLVWXUELQJ�WKH�V\VWHP�

��� ቊ
ௗ௑ሺ௧ሻ

ௗ௧
ൌ �ሺ�ሺݐሻሻ ൅ �ሺ�ሺݐሻሻߦሺݐሻ ሺݐ ൐ Ͳሻ

�ሺͲሻ ൌ ଴ݔ

ZKHUH�%���Թ௡ĺ�ॸ௠௫௡ � �VSDFH�RI�Q�î�P�PDWULFHV��DQG

ȟ�W��� �P�GLPHQVLRQDO�³ZKLWH�QRLVH´�

:H�ZLOO� ORRN�EHORZ�WKDW� WKH�HTXDWLRQ�����KDV�D�VROXWLRQ�DQG�ZH�ZLOO�GHILQH� WKH�³ZKLWH�QRLVH´�ȟ�࣭�� WRR��EXW�VRPH�
PDWKHPDWLFDO�SUREOHPV�DERXW�WKH�6'(�VROXWLRQ�VXFK�DV��WKH�H[LVWHQFH�DQG�XQLTXHQHVV�RI�VROXWLRQ��DV\PSWRWLF�EHKDYLRU��

GHSHQGHQFH�XSRQݔ�଴ DQG�RWKHU�SURSHUWLHV�RI�VROXWLRQ��DUH�QRW�WUHDWHG�LQ�WKLV�SDSHU��EHFDXVH�WKH SXUSRVH�LV�WR�VWRS�LQ�

WKH�FDVH�ZKHQ P� �Qݔ��଴  ����E�Ł����DQG�%�Ł�,��7KH�VROXWLRQ�RI�����LQ�WKLV�VHWWLQJ�WXUQV�RXW�WR�EH�WKH�Q�GLPHQVLRQDO�
:LHQHU�SURFHVV��RU�%URZQLDQ�PRWLRQ��GHQRWHG�:�࣭���7KXV�ZH�PD\�V\PEROLFDOO\�ZULWH�
ሶܹ �࣭�� �ȟ�࣭���

WKHUHE\�DVVHUWLQJ�WKDW�³ZKLWH�QRLVH´�LV�WKH�WLPH�GHULYDWLYH�RI�WKH�:LHQHU�SURFHVV��

,I�ZH�PXOWLSO\�����E\�³GW´�

�6'(�������������ቊ
݀ܺሺݐሻ ൌ �ሺ�ሺݐሻሻ�� ൅ �൫�ሺݐሻ൯ܹ݀ሺݐሻ

�ሺͲሻ ൌ ଴ݔ
7KLV�H[SUHVVLRQ��SURSHUO\�LQWHUSUHWHG��LV�D�VWRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQ��:H�VD\�WKDW�;�࣭��VROYHV��6'(��SURYLGHG

��� ;�W�� ݔ�଴ ൅ ׬ �൫�ሺݏሻ൯݀ݏ ൅ ׬ �൫�ሺݏሻ൯ܹ݀
௧

଴

௧

଴
IRU�DOO�WLPHV�W�!����



-RXUQDO�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV�RI�87��9RO�����1R� ���������

ϭϵϭ

)LJ�����7UDMHFWRULHV�RI�%URZQLDQ�0RWLRQV

6R��ZH�ZLOO�GHILQH�WKH�%URZQLDQ�PRWLRQ�DQG�VWRFKDVWLF�FDOFXOXV��,W�ො �����ሻ DQG�WKHQ�ZH�ZLOO�VHH�WKH�PRGHOLQJ�
SUREOHPV�
��'RHV��6'(��WUXO\�PRGHO�WKH�SK\VLFDO�VLWXDWLRQ"
��,V�WKH�WHUP�ȟ�࣭��LQ�����³UHDOO\´�ZKLWH�QRLVH��RU�LV�LW�UDWKHU�VRPH�HQVHPEOH�RI�VPRRWK��EXW�KLJKO\�RVFLOODWRU\�IXQFWLRQV"�

$V�ZH�ZLOO�VHH�ODWHU�WKHVH�TXHVWLRQV�DUH�VXEWOH��DQG�GLIIHUHQW�DQVZHUV�FDQ�\LHOG�FRPSOHWHO\�GLIIHUHQW�VROXWLRQV�RI��6'(���

�����%URZQLDQ�0RWLRQ�	�6WRFKDVWLF�&DOFXOXV

$Q�LPSRUWDQW�H[DPSOH�RI�6'(V�LV�%URZQLDQ�0RWLRQ��7KH�VWXG\�RI�%URZQLDQ�PRWLRQ�FDQ�EH�LQWHQVH��EXW�WKH�PDLQ�LGHDV�

DUH�D�VLPSOH GHILQLWLRQ�DQG�WKH�DSSOLFDWLRQ�RI�,W�ො¶V�OHPPD��
'HILQLWLRQ�DQG�3URSHUWLHV�RI�%URZQLDQ�0RWLRQ�

2Q�WKH�WLPH�LQWHUYDO�>���7@��%URZQLDQ�PRWLRQ�LV�D�FRQWLQXRXV�VWRFKDVWLF�SURFHVV ሺ ௧ܹሻ ௧ஸ் VXFK�WKDW�

��� ଴ܹ  ����

���,QGHSHQGHQW�,QFUHPHQWV��IRUݏ�����ᇱ ᇱݐ�� ��V���W���7�� ௧ܹ í� ௦ܹ LV�LQGHSHQGHQW�RIܹ௧ᇲ í�ܹ௦ᇲ ��

���&RQGLWLRQDOO\�*DXVVLDQ�� ௧ܹ í� ௦ܹ ׽ 1�����W�í�V���L�H��LV�QRUPDO�ZLWK�PHDQ�]HUR�DQG�YDULDQFH�W�í�V��
7KHUH�LV�D�YDVW�VWXG\�RI�%URZQLDQ�PRWLRQ��:H�ZLOO�LQVWHDG�XVH�%URZQLDQ�PRWLRQ�UDWKHU�VLPSO\��WKH�RQO\�RWKHU�IDFW�WKDW�
LV�VRPHZKDW�LPSRUWDQW�LV�WKDW�%URZQLDQ�PRWLRQ�LV�QRZKHUH�GLIIHUHQWLDEOH��WKDW�LV�

Զ ሺ
ௗ

ௗ௧ ௧ܹ LV�XQGHILQHG�IRU�DOPRVW�HYHU\ZKHUH�Wא� >���7@�� ��

DOWKRXJK�ZH�FDQ�ZULWH� ሶܹ
௧ WR�GHQRWH�D�ZKLWH�QRLVH�SURFHVV��,W�VKRXOG�DOVR�EH�SRLQWHG�RXW�WKDW� ௧ܹ LV�D�PDUWLQJDOH��

ॱ ^ ௧ܹ _� ఛܹሻఛஸ௦ `� � ௦ܹ ��V���W׊



-RXUQDO�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV�RI�87��9RO�����1R� ���������

ϭϵϮ

6LPXODWLRQ� 7KHUH�DUH�DQ\�QXPEHU�RI�ZD\V�WR�VLPXODWH�%URZQLDQ�PRWLRQ��EXW�WR�XQGHUVWDQG�ZK\�%URZQLDQ�PRWLRQ�LV�
FRQVLGHU�D�µUDQGRP�ZDON¶��FRQVLGHU�WKH�SURFHVV�

௧ܹ೙
ே ൌ ௧ܹ೙

ே ൅ ቊ
ඥܶ ܰΤ ���� ����������� ͳȀʹ

െඥܶ ܰΤ ���� ����������� ͳȀʹ

ZLWK� ௧ܹబ  ���DQGݐ�௡  �݊
்

ே
IRU�Q� �����������������1��2EYLRXVO\� ௧ܹ೙

ே KDV�LQGHSHQGHQW�LQFUHPHQWV��DQG�FRQGLWLRQDOO\�

KDV�WKH�VDPH�PHDQ�DQG�YDULDQFH�DV�%URZQLDQ�PRWLRQ��+RZHYHU�LW¶V�QRW�FRQGLWLRQDO�*DXVVLDQ��+RZHYHU��DV�1�ĺ���WKH�

SUREDELOLW\�ODZ�RI� ௧ܹ೙
ே FRQYHUJHV�WR�WKH�SUREDELOLW\�ODZ�RI�%URZQLDQ�PRWLRQ��VR�WKLV�VLPSOH�UDQGRP�ZDON�LV�DFWXDOO\�

D�JRRG�ZD\�WR�VLPXODWH�%URZQLDQ�PRWLRQ�LI�\RX�WDNH�1�ODUJH��+RZHYHU��RQH�XVXDOO\�KDV�D�UDQGRP�QXPEHU�JHQHUDWRU�

WKDW�FDQ�SURGXFH� ௧ܹ೙
ே WKDW�DOVR�KDV�FRQGLWLRQDOO\�*DXVVLDQ�LQFUHPHQWV��DQG�VR�LW�SUREDEO\�EHWWHU�WR�VLPXODWH�%URZQLDQ�

PRWLRQ�WKLV�ZD\��$�VDPSOH�RI�LQGHSHQGHQW�%URZQLDQ�0RWLRQV�VLPXODWLRQV�LV�JLYHQ�LQ�)LJXUH���

����7KH�,Wܗෝ ,QWHJUDO

)LUVW�ZH�QHHG�WR�XQGHUVWDQG�WKH�GHILQLWLRQ�RI�DQ�,W�ො �VWRFKDVWLF��LQWHJUDO��DQG�WKHQ�ZH�FDQ�XQGHUVWDQG�ZKDW�LW�PHDQV�
IRU�D�VWRFKDVWLF�SURFHVV�WR�KDYH�D�GLIIHUHQWLDO��7KH�FRQVWUXFWLRQ�RI�WKH�,W�ො LQWHJUDO�EHJLQV�ZLWK�D�EDFNZDUG�5LHPDQQ�
VXP��)RU�VRPH�IXQFWLRQ�I���>���7@�ĺ�Թ �SRVVLEO\�UDQGRP���QRQ�DQWLFLSDWLYH�RI�:��WKH�,W�ො LQWHJUDO�LV�GHILQHG�DV�

න ݂ሺݐሻ݀ ௧ܹ

்

଴

ൌ ���
ே՜଴

෍ ݂ሺݐ௡ሻ ൫ ௧ܹ೙శభ െ ௧ܹ೙൯ ሺͳሻ

ேିଵ

௡ୀ଴

ZKHUHݐ�௡ ൌ ݊
்

ே
��ZLWK�WKH�OLPLW�KROGLQJ�LQ�WKH�VWURQJ�VHQVH�

$QRWKHU�LPSRUWDQW�SURSHUW\�RI�WKH�VWRFKDVWLF�LQWHJUDO�LV�WKH�,W�ො¶V�,VRPHWU\��

3URSRVLWLRQ� �,Wܗෝ¶V� ,VRPHWU\�� )RU� DQ\� IXQFWLRQV� I�� J� �SRVVLEO\� UDQGRP��� QRQDQWLFLSDWLYH� RI� :�� ZLWK�

ॱ׬ ݂ଶሺݐሻ݀ݐ ൏ λ
்

଴
DQG ॱ׬ ݃ଶሺݐሻ݀ݐ ൏ λ

்

଴
ǡ ݄݊݁ݐ

ॱቆන ݂ሺݐሻ݀ ௧ܹ

்

଴

ቇ ቆන ݃ሺݐሻ݀ ௧ܹ

்

଴

ቇ ൌ ॱන ݂ሺݐሻ݃ሺݐሻ݀ݐ
்

଴

6RPH�IDFWV�DERXW�WKH�,W�ො¶V�LQWHJUDO��
��2QH�FDQ�ORRN�DW�(TXDWLRQ�����DQG�WKLQN�DERXW�WKH�VWRFKDVWLF�LQWHJUDO�DV�D�VXP�RI�LQGHSHQGHQW�QRUPDO�UDQGRP�YDULDEOHV�
ZLWK�PHDQ�]HUR�DQG�YDULDQFH�7��1��

෍݂ሺݐ௡ሻ ൫ ௧ܹ೙శభ െ ௧ܹ೙൯ ̱

ேିଵ

௡ୀ଴

ࣨ ൬Ͳ ǡ
ܶ

ܰ
෍݂ଶሺݐ௡ሻ൰Ǥ

7KHUHIRUH��RQH�PLJKW�VXVSHFW�WKDW׬� ݂ሺݐሻ݀ ௧ܹ
்

଴
LV�QRUPDO�GLVWULEXWHG�

��,Q�IDFW��WKH�,W�ො LQWHJUDO�LV�QRUPDOO\�GLVWULEXWHG�ZKHQ�I�LV�D�QRQ�VWRFKDVWLF�IXQFWLRQ� DQG�LWV�YDULDQFH�LV�JLYHQ�E\�WKH�
,W�ො LVRPHWU\��

න ݂ሺݐሻ݀ ௧ܹ

்

଴

̱ࣨ ቆͲ ǡන ݂ଶሺݐሻ݀ݐ
்

଴

ቇǤ

��7KH�,W�ො LQWHJUDO�LV�DOVR�GHILQHG�IRU�IXQFWLRQV�RI�DQRWKHU�UDQGRP�YDULDEOH��)RU�LQVWDQFH��
݂ǣ Թ ՜ Թ DQG�DQRWKHU�UDQGRP�YDULDEOH�ܺ௧��WKH�,W�ො LQWHJUDO�LV

න ݂ሺܺ௧ሻ݀ ௧ܹ

்

଴

ൌ ���
ே՜ஶ

෍ ݂൫ܺ௧೙൯൫ ௧ܹ೙శభ െ ௧ܹ೙൯Ǥ

ேିଵ

௡ୀ଴

7KH�,W�ො LVRPHWU\�IRU�WKLV�LQWHJUDO�LV�

ॱቆන ݂ሺܺ௧ሻ݀ ௧ܹ

்

଴

ቇ

ଶ

ൌ න ॱ ݂ଶሺܺ௧ሻ
்

଴

ǡݐ݀



-RXUQDO�RI�1DWXUDO�6FLHQFHV�DQG�0DWKHPDWLFV�RI�87��9RO�����1R� ���������

ϭϵϯ

SURYLGHG�WKDW�; LV�QRQ�DQWLFLSDWLYH RI�:�

*LYHQ�D�VWRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQ��WKH�,W�ො OHPPD�WHOOV�XV�WKH�GLIIHUHQWLDO�RI�DQ\�IXQFWLRQ�RQ�WKDW�SURFHVV��,W�ො¶V�
OHPPD�FDQ�EH�WKRXJKW�RI�WKH�VWRFKDVWLF�DQDORJXH�WR�GLIIHUHQWLDWLRQ��DQG�LV�D�IXQGDPHQWDO�WRRO�LQ�VWRFKDVWLF�GLIIHUHQWLDO�
HTXDWLRQV��

,Wܗෝ /HPPD� &RQVLGHU�WKH�SURFHVV�ܺ௧ ZLWK�6'(�݀ܺ௧ ൌ ܽሺܺ௧ሻ݀ݐ ൅ ܾሺܺ௧ሻ݀ ௧ܹ ��)RU�D�IXQFWLRQ�݂ሺݔǡ ሻݐ ZLWK�DW�
OHDVW�RQH�GHULYDWLYH�LQ�W DQG�DW�OHDVW�WZR�GHULYDWLYHV�LQ�[��ZH�KDYH�

݂݀ሺݐǡ ܺ௧ሻ ൌ ቀ
డ

డ௧
൅ ܽሺܺ௧ሻ

డ

డ௫
൅

௕మሺ௑೟ሻ

ଶ

డమ

డ௫మ
ቁ ݂ሺݐǡ ܺ௧ሻ݀ݐ ൅ ܾሺܺ௧ሻ

డ

డ௫
݂ሺݐǡ ܺ௧ሻ ݀ ௧ܹǤ

����'LIIHUHQWLDO�HTXDWLRQV�ZLWK�GULYLQJ�:KLWH�1RLVH�
0DQ\�WLPH�YDU\LQJ�SKHQRPHQD�LQ�YDULRXV�ILHOGV�LQ�VFLHQFH�DQG�HQJLQHHULQJ�FDQ�EH�PRGHOHG�DV�GLIIHUHQWLDO HTXDWLRQV�
RI�WKH�IRUP�
ௗ௫

ௗ௧
ൌ ݂ሺݔǡ ሻݐ ൌ ǡݔሺܮ ሻݐ ሻݐሺݓ ����������������������������������������������������������

ZKHUHݓ�ሺݐሻ LV�VRPH�YHFWRU�RI�IRUFLQJ�IXQFWLRQV��:H�FDQ�WKLQN�D�VWRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQ��6'(��DV�DQ�HTXDWLRQ�
RI�WKH�DERYH�IRUP�ZKHUH�WKH�IRUFLQJ�IXQFWLRQ�LV�D�VWRFKDVWLF�SURFHVV��2QH�PRWLYDWLRQ�IRU�VWXG\LQJ�VXFK�HTXDWLRQV�LV�
WKDW� YDULRXV� SK\VLFDO� SKHQRPHQD� FDQ� EH� PRGHOHG� DV� UDQGRP� SURFHVVHV� �H�J��� WKHUPDO� PRWLRQ�� DQG� ZKHQ� VXFK� D�
SKHQRPHQRQ�HQWHUV�D�SK\VLFDO�V\VWHP��ZH�JHW�D�PRGHO�RI�WKH�DERYH�6'(�IRUP��$QRWKHU�PRWLYDWLRQ�LV�WKDW�LQ�%D\HVLDQ�
VWDWLVWLFDO�PRGHOLQJ�XQNQRZQ�IRUFHV�DUH�QDWXUDOO\�PRGHOHG�DV�UDQGRP�IRUFHV�ZKLFK�DJDLQ�OHDGV�WR�6'(�W\SH�RI�PRGHOV��
%HFDXVH�WKH�IRUFLQJ�IXQFWLRQ�LV�UDQGRP��WKH�VROXWLRQ�WR�WKH�VWRFKDVWLF�GLIIHUHQWLDO�HTXDWLRQ�LV�D�UDQGRP�SURFHVV�DV�ZHOO��
:LWK�D�GLIIHUHQW�UHDOL]DWLRQ�RI�WKH�QRLVH�SURFHVV�ZH�JHW�D�GLIIHUHQW�VROXWLRQ��)RU�WKLV�UHDVRQ�WKH�SDUWLFXODU�VROXWLRQV�RI�
WKH� HTXDWLRQV� DUH� QRW� RIWHQ� RI� LQWHUHVW�� EXW� LQVWHDG�� ZH� DLP� WR� GHWHUPLQH� WKH� VWDWLVWLFV� RI� WKH� VROXWLRQV� RYHU� DOO�
UHDOL]DWLRQV��$Q�H[DPSOH�RI�6'(�VROXWLRQ�LV�JLYHQ�LQ�)LJXUH��

)LJ�����7KH�VROXWLRQ�RI�WKH�6'(�LV�GLIIHUHQW�IRU�HDFK�UHDOL]DWLRQ�RI�QRLVH�SURFHVV��:H�FDQ�DOVR�FRPSXWH�WKH�PHDQ�RI�
WKH�VROXWLRQV��ZKLFK�LQ�WKH�FDVH�RI�OLQHDU�6'(�FRUUHVSRQGV�WR�WKH�GHWHUPLQLVWLF�VROXWLRQ�ZLWK�]HUR�QRLVH�

,Q�WKH�FRQWH[W�RI�6'(V��WKH�WHUP�݂ሺݔǡ ሻݐ LQ�(TXDWLRQ���������LV�FDOOHG�WKH�GULIW�IXQFWLRQ�ZKLFK�GHWHUPLQHV�WKH�QRPLQDO�
G\QDPLFV�RI�WKH�V\VWHP��DQGܮ�ሺݔǡ ሻݐ LV�WKH�GLVSHUVLRQ�PDWUL[�ZKLFK�GHWHUPLQHV�KRZ�WKH�QRLVHݓ�ሺݐሻ HQWHUV�WKH�V\VWHP��
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7KLV� LQGHHG� LV� WKH�PRVW�JHQHUDO� IRUP�RI�6'(� WKDW�ZH�GLVFXVV� LQ� WKH�GRFXPHQW��$OWKRXJK� LW�ZRXOG�EH� WHPSWLQJ� WR�

JHQHUDOL]H�WKHVH�HTXDWLRQV�WR�݀ݔ Τݐ݀ ൌ ݂ሺݔǡ ǡݓ ሻݐ LW�LV�QRW�SRVVLEOH�LQ�WKH�SUHVHQW�WKHRU\��7KH�XQNQRZQ�IXQFWLRQ�
XVXDOO\�PRGHOHG�DV�*DXVVLDQ�DQG�³ZKLWH´�LQ�WKH�VHQVH�WKDWݓ�ሺݐሻ DQGݓ�ሺ߬ሻ DUH�XQFRUUHODWHG��DQG�LQGHSHQGHQW��IRU�
DOO�W�് V��7KH�WHUP�ZKLWH�DULVHV�IURP�WKH�SURSHUW\�WKDW�WKH�SRZHU�VSHFWUXP��RU�DFWXDOO\��WKH�VSHFWUDO�GHQVLW\��RI�ZKLWH�
QRLVH� LV�FRQVWDQW� �IODW��RYHU�DOO� IUHTXHQFLHV��:KLWH� OLJKW� LV�DQRWKHU�SKHQRPHQRQ�ZKLFK�KDV� WKLV� VDPH�SURSHUW\�DQG�
KHQFH�WKH�QDPH��,Q�PDWKHPDWLFDO�VHQVH�ZKLWH�QRLVH�SURFHVV�FDQ�EH�GHILQHG�DV�IROORZV�
'HILQLWLRQ�RI�:KLWH�1RLVH�

:KLWH�QRLVH�SURFHVVݓ�ሺݐሻ א Թ௦ LV�D�UDQGRP�IXQFWLRQ�ZLWK�WKH�IROORZLQJ�SURSHUWLHV��

ଵሻݐሺݓ��� DQGݓ�ሺݐଶሻ DUH�LQGHSHQGHQW�LIݐ��ଵ ് ଶݐ
���W�հݓሺݐሻ LV�D�*DXVVLDQ�SURFHVV�ZLWK�]HUR�PHDQ�DQG�'LUDF�GHOWD�FRUUHODWLRQ��

݉௪ሺݐሻ ൌ ሻሿݐሺݓሾܧ ൌ Ͳ
ǡݐ௪ሺܥ ሻݏ ൌ ሻݐሺݓሾܧ ሻሿݏሺ்ݓ ൌ ݐሺߜ െ ሻܳǡݏ

ZKHUH�4�LV�WKH�VSHFWUDO�GHQVLW\�RI�WKH�SURFHVV��
)URP�WKH�DERYH�SURSHUWLHV�ZH�FDQ�DOVR�GHGXFH�WKH�IROORZLQJ�VRPHZKDW�SHFXOLDU�SURSHUWLHV�RI�ZKLWH�QRLVH��

x 7KH�VDPSOH�SDWK�W�հݓሺݐሻ LV�GLVFRQWLQXRXV�DOPRVW�HYHU\ZKHUH��
x :KLWH QRLVH�LV�XQERXQGHG�DQG�LW�WDNHV�DUELWUDULO\�ODUJH�SRVLWLYH�DQG�QHJDWLYH�YDOXHV�DW�DQ\�ILQLWH�LQWHUYDO��

$Q�H[DPSOH�RI�D�VFDODU�ZKLWH�QRLVH�SURFHVV�UHDOL]DWLRQ�LV�VKRZQ�LQ�)LJXUH���

)LJXUH����:KLWH�QRLVH

,W�LV�DOVR�SRVVLEOH�WR�XVH�QRQ�*DXVVLDQ�GULYLQJ�IXQFWLRQV�LQ�6'(V��EXW�KHUH�ZH�ZLOO�DOZD\V�DVVXPH�WKDW�WKH�GULYLQJ�
IXQFWLRQ�LV�*DXVVLDQ�
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���&RQFOXVLRQV�

,Q�WKLV�SDSHU�ZH�SRLQWHG�RXW�WKDW�6'(V�KDYH�D�ZLGH�UDQJH�RI�DSSOLFDWLRQV�RXWVLGH�PDWKHPDWLFV��)RU�H[DPSOH�FRQWLQXRXV�
WLPH�ILQDQFLDO�PRGHOV�ZLOO�RIWHQ�XVH�%URZQLDQ�PRWLRQ�WR�PRGHO�WKH�WUDMHFWRU\�RI�DVVHW�SULFHV��2QH�FDQ�W\SLFDOO\�RSHQ�
WKH�ILQDQFH�VHFWLRQ�RI�D�QHZVSDSHU�DQG�VHH�D�WLPH�VHULHV�SORW�RI�DQ�DVVHW¶V�SULFH�KLVWRU\��DQG�LW�PLJKW�EH�SRVVLEOH�WKDW�
WKH�GDLO\�PRYHPHQWV�RI�WKH�DVVHW�UHVHPEOH�D�UDQGRP�ZDON�RU�D�SDWK�WDNHQ�E\�D�%URZQLDQ�PRWLRQ��6XFK�D�FRQQHFWLRQ�
EHWZHHQ�DVVHW�SULFHV�DQG�%URZQLDQ�PRWLRQ�ZDV�FHQWUDO�WR�WKH�IRUPXODV�RI�>%ODFN�DQG�6FKROHV������@�DQG�>0HUWRQ��
����@��DQG KDYH� VLQFH� OHG� WR�D�YDULHW\�RI�PRGHOV� IRU�SULFLQJ�DQG�KHGJLQJ��7KH�VWXG\�RI�%URZQLDQ�PRWLRQ�DQG� WKH�
DSSOLFDWLRQV�RI�6'(�LQ�WKH�ILQDQFH�LV�D�WKHPH�ZH�ZRXOG�OLNH�WR�WUHDW�LQ�WKH�IXWXUH��XVLQJ�0$7/$%�WR�VKRZ�DSSOLFDWLRQV�
RI�6'(�LQ�ILQDQFLDO�PRGHOLQJ�
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