Journal of Natural Sciences and Mathematics of UT, Vol.3,No.5-6,2018

UDC: 512.552
Conference Paper

Some results on Greens relations in direct sum and product of rings.

Florion Cela

Department of Mathematics, Faculty of Natural Sciences, University of Tirana
Author: florion.cela@fshn.edu.al

Abstract

Green'’s relations in a semigroup are successful tools for studying their properties. These relations are introduced and
studied also in rings. It is wellknown that every ring can be represented as a sub-direct sum of subdirectly irreducible
rings. Our aim in this paper is to find the connection of Green’s relations on direct sum and direct product of rings
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related to Green’s relations in its components.

In this paper by a ring we mean an associative ring, which does not neccessary have identity element. The relations
L R and D inrings were first introduced and studied by Petro .

This relations are called Green’s relations in rings because they mimic the relations £,7R and D in semigroups,

Whi%hl\r/]\}erped %'toﬂmoduced and studied by James Alexander Green (Green, 1951).

We give some notions and present some auxiliary results that will be used throught the paper. Some of the results and
other basic notions may be found in [1], [5], [6]. First we give the definitions of Green’s relations

Let A be a ring and let @€ A . The principal left (right) ideal ((a),,(a),) generated by a is
+ + , were | denotes the ring of all integers.
Definition 1. [2] Green’s relations £ and R inring A are defined by:
aLb < (a), = (b);. L R onrings.
aRb < (a), = (b),.

la Aa(la aA)
It is evident that £ and R are equivalence relations. Let £, (R,) be the equivalence class of a

For sake of simplicity we use the following notations:

kx +ux =(k,u)x, kel, x,ueA,

mod £(mod7R) containing the element a € A.
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m'x+w' =ym' V), mel, yVveA

Lemma 1.[2] Let Abearingand a,b,s € A.Let k € I, then the following implications hold.
alb=-a(k,s)Lb(k,s),
aRb = (k,s)aR(k,s)b.

Leme 2.[2] The Green’s relations £ and R inaring A commute.

The join RV L is also of great importance and we denote it by D . The above Lemma shows that Lo R is an
equivalence relationsand also D=LVR=RoL=LoR

The intersection H = LNR of the equivalence relations £ and R onthering A isan equivalence relation on
A. We denote by H, the equivalence class mod H{ containing a. Also for principal ideals ,we can define in a

similar way as /R, £ another Green’s relation which we denote it by 7 . Throughout this paper ,Green’s relations in
the multiplicative semigroup (A,.) of the ring (A,-+,.) are denoted by R(.), £(.), H(.),D(.), J(.) , in order
to distinguish them from Green’s relations R, L,H,D,J inthering (A, —+, ) .

For the same purpose the equivalence classes of an element a respect to Green’s relations in the multiplicative

semigroup of the ring (A, +,.) are denoted R, (.), L, (), H,(.), D,(.), T, ().

The direct product construction in modules is very straightforward and probably familiar to the reader, the same hold
in ring theory for rings considering it as a module.

Definition 2.[1] The direct product of aset {A :i € |} of rings denoted HielA is the "cartesian product " which
is a ring endowed with componentwise operations (a,) + (&) = (a +a/) and (3)(a)) = (aa/) where
a,a €A forall i.

Definition 3.[1] The direct sum ZA ofaset A i€l ofringsisthe set {(&),, GHielA -almost all &,
are 0} .

Thus the direct sum and direct product of {A i€ I} are the same if | is finite.

Definition 4.[4] A ring A s left (right) s-unital if for every element a, is left (right) s-unital, i.e.
Vac A=-ac Aa(acah) .

Main results

Proposition 1. Let A , for i € | be rings such that (&);.,,(0,)
hold

€ HielA then the following implications

D (@) TO)e =adb, Vil
D) (@) R(B). =aRh,Viel

0 (@)ia £O)ic; =aLbVIET
d (&)ia DB)iey =aDoVIE]
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& @) Hb), =aHbvicl,

Proof. a) I (8,) 7 (B) = ((&);,) = ((B),.,) then for all i€ | there exist z € Z, X, Xy, X, X; € A, such
that
()= 2(0) + 04 0) + B)0G) + D e DB
Hence Viel, a =zb +x0 +bx, +Y xbx;
Implications b) and c) can be proved in a similar way as implication a) . While the last implication is a direct corollary
of implications b) and c).

Proposition 2. Let A for i€ I(finite) be s-unital rings and let A= ZielA then
3) (@) IB)i = adh,viel,
b) (&) R(B);., & aRb,Viel,
) (&) L(B),, & alb,Viel,
d) (&) D), < aDh,Viel,
e) (&), HMb),, <aHb,Viel,

Proof. We only prove here the first assertion because the other ones can be proved similarly.
If (8),, J(B);., thenby using Proposition 1 we get that &, b, Vi € |

For the converse. Let A be s-unital rings and aini forall 1€ 1, thenelements bi satisfy the following equality

b, :Z”i Xi@ Y- for X, Y €A and n, €N

k=1
Since | has a finite number of elements then it exists a natural number N =max{n, |i < I}.

Xq k<n -_{Yki k<n,
v Y T

We denote X'ki =
0 k>n 0 k>n,

, Viel

It is easy to prove that b, 2 X&Y' forall i €1.Sowe havethat (b)= Zrklzl(x'ki)(ai)(y'ki) :
hence ((bi)iel)—((a'i)iel)' By commuting b, with & we get that ((&),.,) C((b),,) . consequently
(a'i)iel \-7(b|)iel ’

The assertion e) follows from assertion b) and c).
Corollary 1. Let A be s-unital rings where | has a finite number of elements then

: =S
jzielai ai ’ el Dza‘ ’ Ticldi Z ai ’ PEL ZDaI ! Tieldi !

Proof. Let in be an arbitrary element of jzm . Then we have that EXiJ Zai . By using Proposition 2 we
getthat X, Ja, foralli € |, thus in EZJai chence J_ QZJai

Conversely. Let in be an arbitrary element of ZJa_ .Sowe havethatforall i€l ,X € J,. . Which imply that
1 1

O)IA) - Thes (SX) €T,
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Proposition 3. Let A be left (right) s-unital rings forall i €l andlet (&),,,(0)., eHielA then

(@) £(b)., e aLlbViel
( (ai)iel R(b|)i6| <:>a,RbIV| €| )

Proof : We only prove the case for the left s-unital rings because the other case can be prove analogusly. Let
(&)ic £(B),, then from Proposition 1 it follows that @,£b, for all i€ l. Conversely, let a,Ch, for all

iel, we have that @ =Xb, where X, €A, since A is a left s-unital ring. Hence we get that
(@)icr = (X)ics 0)icy . and ((&)ic,); S ()i, ), - Similarly we can prove the other inclusion. Finally we get

that (81- )|i€| ['(bi)liel :

Corollary 2. Let A be left (right) s-unital rings for all 1€ | . Then Enai = Hﬁai , (RHai = HRai )
icl

icl

ie

Proposition 4. Let A be s-unital ringsforall i€ 1 andlet (&),.,,(B)., € HielA then

3 (a). D)., aDhyviel )
) (&) HO), < aHDVic |

Proof. Let (&), D(B);, then it exists (C)),., €[ [. A such that (&), £(C))icy and (G)ic R(B)ic, -
hence by using Proposition 3 we get that 8, £C; and C;Rb,, thus aDb,, forall i€ 1.

Conversely. Let @b, forall i€l.Thenitexists ¢, € A suchthat (8,£cC;) and (C/Rb),since A are
s-unital rings, then from proposition 3 we have that (&), £(C)i,, and (C),,, R(b),, hence

(a1 )iel D(b| )iel '

Corollary 3. Let A be s-unital rings forall 1 €1 andlet (&), GHEIA then D :HDaw
iel

e

[3] S-unital semigroups are defined similarly as in rings.
Leme 3 Let S, be s-unital semigroups and (&,),,,(B),, € Hielsi then

jnie'a‘ - jai'RHielai = HRai’L: = Eai’Hnigaa = H}Ldi’pnigai = HDai

Tiers
Proof: Let S =Hi€|8i . Since for all i€l ,S, are s-unital it is easy to prove that for all b €S,
J(B) =ShS;.
If forall i€l ,bJa, wehavethata, = ybXx, where y,,X €S, hence
@)icr = (Vdia (0)ics (X)icy
"7(ai)ie|
Conversely. If ()i, 7(&)ic; then (B)ic; = (V)i (@)ici (X)icr for (X)icr» (Vidicy GHigSi' Thus for
all iel wehave that b =y.ax and jbi Sjai,hence ‘7”. =J, .

< =
_"7(bi)iel thUSj(bi)iel ‘7(ai)ie|-
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The proof is the same for the other relations R, L, H, D .

Proposition 5. Let A for i €1 be s-unital rings, where | is a finite set. Then the relations 7, R, L, H, Din
every ring A coincide with Green’s relations [, R, L, H, D in their respective multiplicative semigroup if and

only Green'’s relations in the ring A = ZielA coincide with Green’s relations in the multiplicative semigroup
(A)

Proof : We first prove that 7 < . 7(.).

Let (Zai)‘] (Zb,) then &,Jb, , hence a,J(.)b;, by using the above lemma we get that (Zai)‘] ()(Zb,) .
ThusJ = J(.).
For the converse we have to prove that forall i€l J; =J;(.). Let

a J.b for some i€ . We denote (@) the element of A such that the i-th coordinate is equal to @ and
everywhere else is zero. So, the following implications hold (a_1)J (b_.) = (a_1)J ()(b_.) =aJ()b
Thus J; = J; ()

References

[1] Rowen, Louis. Ring Theory. Student edition. Academic Press, Inc., Boston, MA, 1991

[2] Petro, P. Green’s Relations and Minimal Quasi-ldeals in Rings. Communications in Algebra, 2002

[3] F, Cela, P,Petro. On Green’s relations in rings and their multiplicative semigroups. Journal of natural and
sciences and mathematics of UT, Vol 2. 2017

[4] HTominaga. On s-unital ring. Mathematical Journal of Okayama, 1976

[5] J, Howie. Fundamentals of Semigroup Theory. London Mathematical Society Monographs. New Series, 12.
Oxford Science Publications

[6] Steinfeld, Otto. Quasi-ideals in rings and semigroups, Akadémiai Kiadd, Budapest, 1978.

207


kilf0x
Typewritten text
207


