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Abstract

Hadamard matrix, is a square matrix, the elements of which are either 1 or -1 and its rows mutually orthogonal.
They have great application in computer science and communication technology. The most important open question
in Hadamard matrix theory is that of their existence. There are several methods for constructing them. It will be
shown that two classic methods for the Hadamard matrix construct, that of Paley and Williamson, can be unified
and Paley and Williamson's method can be constructed with a uniform method by producing a association scheme
or coherent configuration from group action to a community X and the production of Hadamard matrices, taking
appropriate linear combinations (1,-1) of the matrix representation of coherent configuration. For example, through
the orbits of the group, the matrices of group representation orbits are taken and eventually the sum of these matrices
gives a Hadamard matrix. Thus, Hadamard matrices are constructed by group’s action in the community. It will
also be shown that using the Legendre symbol, the prime numbers and congruences according to the module, the
first row of the Hadamard matrix is formed, then the other rows of the Hadamard matrix are taken cyclically and
thus obtained a Hadamard order matrix 7.

Keywords: Hadamard matrix, Coherent Configuration, Association Scheme , Frobenius group, Dihedral group
and Prime number.

1. Introduction

We begin with following definitions.
e Definition of Hadamard matrix: A Hadamard matrix of order n, H 4> 1S an 71X ;1 square matrex with

elements + 1 ’shat # and -1’s such H - H nT =nl, where I, is the identity matrix of order 7. [2]

Examples of Hadamard matrix order 1,2 and 4 :

AT Bt e e
PRI MR sl AT el T T ]

I % E ey g e o e o
L =1, e io=f § =y o YR Bl g ey
H, =  H,= JH = :
O } B g g wf g ey
L =1 =1 3 o eaf e g R A

Hadamard's matrices have extensive application in computer science in modern communication and statistics.
Also, they can also be used to correct blocked code errors that can correct a large number of errors in the
communications field. Their characteristic is the problem of existence.
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Symmetric H-matrix: An / -matrix F is said to be symmetric if H = H'. While H -matrix is
antysimetric if H =—H".[2]and [3]

A Cyclic Hadamard matrix is a Hadamard matrix with an additional property that in the standard
form, removing the top row and the left-most column, the rows are cyclic shifts of each other. [2]

Coherent configuration: Let X = {1,2,...,}1}, and R= {RI,R2,...,RF} be a collection of binary

relations on X such that.
R, MR, =¢ for 1<i<j<r;

URl. =X’=XxX;
i=1

Vi=12,..,r theexists i’ =1,2,..., 7, such that X = {1,2,..., n},R._1 =R ;

i i’

There exists [ < {1,2,..., r} such that URi = A, where A = {(x,x)| X e X} [1]
iel
Association Scheme: Let R, R, ,..., R, be binary relations on a set X = {1,2,..., n}
= [aUJ be the (O,l)matrix defined as
L, if(i,j)eRr,
0, otherwise

The matrix i A, is called adjacency matrix of the relation R, . [3]

The set

P= {RO,RI,..., Rm} is called an m clase association scheme if the adjacency matrices A, of R,

(i =0,L2...., m) satisfying:

1) 4, = I (identy marix) and A, #0, Vi;

2) Z A, = J, where J is all-1 matrix;
i=0

3 AT = A, Vie{l2,..,m};
4) There are numbers pi];- such that AjAj = Z:pl]jC A, . [3]
k=0

Coherent configuration from group action: If G is a group of permutations on a non-empty finite set
X, then we say that G act on X . Now define action of G on XxX by
g(x,y)= (g(x),g(y)), ge€G and (x,y) € X x X . Then defferent orbits of G on X x X define a
coherent configuration. [7]

Frobenius group: A grup G s called a Frobenius group, if it has a proper subgroup /1 such that
()CH)C_1 )ﬁ H = {e} forallx € G — H . The subgroup H is called a Frobenius complement. [1]
Williamson’s Method: This construction wasrst described by Williamson in the early 1940s. Let A, B,C
and D be circulant, or back circulant, matrices of order n, satisfying the following equalities:
Xy'=YX", VX,Ye{4,B,C,D}

AB" + AB" +CC" +DD" =4nl,. [4]
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We observe that the first condition is often bypassed by requiring that all component matrices be symmetric.
Williamson proves that under these constraints, the above matrices may be composed as follows to give a Hadamard
matrix:

A B C D
-B 4 -D C
-C D A -B
-D -C B 4

Williamsom  constructed  these  matrices as  appropriate (1,—1) -linear ~ combination  of

n-1 n+l

w+u,,),U,+U,,). [UZ,UZJ and U, = I, where U = circl(0,1,0,...,0). [4] and [13]

B. Paley’s construction of Hadamard matrix : If p® = gis prime number powerq+1= 0(m0d4).
Suppose the members of the field GF (q ) are labeled a,,a,,a,,..., in some order. Then a Hadamard matrix
of order g + 1can be construction as follows. The (i, J ) entry of Qequals ¥ (Cl1 —-da, ), where y is the
quadratic character on GF (q ) definidby y =0.

L,if bis non zero quadratic element(or perfectsquare in GF (q))
—1,if bis not a quadratic elementin GF(q)

1!
Set § = { . Q] H=1_ +S§, where 1" =g x1 matrix with each entryl. F is Hadamard matrix. [9] [10]

and [6]

2. Construct Hadamard matrices by means of several groups

-1
A. Construction of Frobenius group (G) of order p(pT) , p is an odd prime of the from 4k —1.

Let p= (123...p)be a cycle in Zp and 0o = ()62)64...)6‘!’71 )(x3x5... xpiz)(p)be a permutation on Zp .
Let K the cyclic group generated by p and H the cyclic group generated by o . Then G = KH is Frobenius

group of order p(p——l)

- [1]
Orbits of Gon X xX, where X = {l,2,...,p} . Orbit of (p,l) under the action of
G={G(p,1)|geG}:{pia.f(p,1)|1sl'gp,13jsf”T_l}zkl .

p(p-1)
2

This set clearly contrains distinct elements and b —a is a quadratic residue modulo p , for all

(a,b)eR.
25

Orbit of (l,p) under the action of G = {(xzj + ],i)| I<i<pal<j< pT—l} = R,, which also

contains elements and b — a difference of each pair is an non quadratic residue modulo P .

p(p-1)
2

Orbit of (1,1)= {(1,1), (2,2), (3,3),...,(p,p)}= R, . It is clear that group {RO,Rl,RZ} represents a

coherent configuration. [1] and [5]
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If we extend the group G action to X = {1,2,..., p,p+ l} such that G fixes (p + 1), then the different
orbits of G in X X X are as follows:

Ry, ={(1.1).(2.2).3.3)..(p. p)}
Ry ={p+1p+1)}
RI=R;
R, = Ry;
Ry ={(Lp+1).(2.p+1).G. p+1)..(p. p + 1)
Ry ={(p+11).(p+12).(p+13).(p +1.p);
Let Ay, Ay, A,,A4,,A; and A, matrices of relevant representation of relations Ry, Ry, , R, R,, R; and
Let 0=4,-4,,S=0+4,—-A4, , and H,,,=1,,+S5 . Then

p+l

[1] and [5]

R, . ltis clear that: Ay, + 4, =1
H

p+l

p+1 1s @ Hadamard matrix equivalent to Hadamard matrix of Paley's form. [12] and [5]

e Example [1] and [5]. Construction of Hadmard matrix of order 7 +1=8 .
Consider the permutations on X = <{1,2,3,4,5,6,7} given by: p= (12345 67) and
o =(323%3°) (3'3°3*)(7) = (241) (364)(7). Then, G = {p'c’ :1<i <71 < j <3} is Frobenius Group
of order 21. Orbits of G on X x X, where X = {1,2,3,4,5,6,7} are obtained as follows.:

(7.0)={(1.2).(.3).(1.5).(2.3).(2.:4).(2.6). 3.4). 3.5).(3.7). (4.1).(4.5).(4.6). (5.2).(5.6).(5.7). (6.1).(6.3),

(6,7).(7.1.(7.2).(7.4); = R;;

(1.7) = {1.4).(16). (7). (2.1).(2.5).(2.7).3.1).(3.2). (3.6). (4.2).(4.3).(4.7). (5.1). (5.3).(5.4). (6.2).(6.4),

(6:5)(73,7.5)7.6) = R.:
(1= (22163144} (53166} (.7) = ,

Ry =Ry;

Ry, = {(8»8)};

Rl =R;;

R, =R,;

R} ={(1.8),(2.8).(3.8).(4.8).(5.8).(6.8).(7.8)};
Ry ={(8.1).(8.2).(83).(8.4).(8.5).(8.6).(8.7)}
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1

10000000 00 00O0O0GO0O
01000000 000 0O0O0TO0O
00100000 00 00O0O0UO0O
00010000 000 0O0GO0GO0O

Ay, = Ay = A4, =
00001000 00 00O0O0TO0O
00000100 000 0O0O0TO0O
0000O0O0TO 00 00O0O0GO0O
0000 O0O0O0 0] 000 00O0O0 1]

(00001 01 1 0] (000000 0 0 1]
10001010 00 0000O0O0°1
110007100 00 000O0O0°1
A:01100010A:00000001
110110000 100000001
01011000 000 00O0O0°1
00101100 000 00O0O0O0°1

0000000 0] 0000000 0]
Q:AI—A2 ; S=0+4,—-A,=A4,—A, + A, — A, . Then,

11 1 -1 1

-1 1 1 1 -1

-1 -1 1 1 1

1 -1 -1 1 1

Hy=I,+S=4,+A4,+4 -4, +4, -4, =

-1 1 -1 -1 1

1 -1 1 -1 -1

1 1 -1 1 -1

-1 -1 -1 -1 -1

B.Construction of A -matrix from dihedral group D,,

The permutacion representation of dihedral group D, is
2 3
D2n = {plrpza"'bpn =e,0p0,p 0,0 o',---,pnO'},
where p(x)=x+1(modn) and o(x)=n—x+2(modn).
Consider the action of D,, on X X X, when X = {1,2, .. -,n}.
The orbit of

S = = O = O O O
S = O = O O O =

— O O O O o o <O

S O = O O O = =

— O O O O o o <O

S B O O O = = O

— = ek e e e e

12)={p (1) p'(2):i =1,2,-,n=1}U{(p'o(1), p'5(2)): i = 0,1,2,--,n — 1

={1+i2+i):i=012,---,n—1}U{(l+i,i):i=0]12,---,n—1}=R, UR,.

Let U = Cik1(0,1,0,0....,0) (Circulant matrix with 1% row (0,1,0,0,...,0)).
Then

212

— O O O O o o <O

S O O O = = O =

— O O O O o o <o

S O O = = O = O

— O O O O o o <O

S O = = O = O O

— O O O O o O O

S O O O O O o o

L

— O O O O o o <O

S O O O O o o <O
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(0 1.0 0 -----. 0]
00 0 «oeee- 0
U = 00 0 I - 0 ,eqartése U" =1, .
00 0 0 - 0
1 0 0 0 - 0

Then Adjecency matrix of R, = U . Then,

ombitof (1,2)>U+U"";
(13)>U>+U"?;
1L,4)->U+U" .

n—1 n—-1
1,—(";1)j SU? +U 7

1L)—>1,.

e [ n—1 . . .
U' +U' 1,(1 =12,..., ( 2 )j and [, are the adjecency matrices of an association scheme. Note that these

circulant matrices are used in construction of Williamson’s matrices 4, B, C dhe D that Williamson used in his
construction of Hadamard matrices. [1] [5] and[13]

3. Construction of Hadamard matrices from prime numbers
The following will show the construction of H matrices, by means of one and two prime numbers.

A. Prime construction

Let p be a prime congruent to 3mod4, and a; for i =0,1,2,..., p—1 ,be the (+ 1,—1) -valued sequence of
length p we wish to design.

Put a, = -1 . For1<i< p—1,assign +1 or —1 to each @; according to the following rule:

i

|+ Lif iisa "quadraticresiduemod p"
B {— 1, otherwise

Then, the squence @,4,,..., @, ; and all of its cyclic shifts together with the additional top row and left-most column
of all +1’s gives a cyclic Hadamard matrix of order p + 1.[2] and [5]

e Example [2] and [5]. Let p =11. Then:

1112345678910

i2  (mod 11_1‘1 49533594 1

ot
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012 3456 7389 10

-+ -+ +4+ - - -+ -

According to the conditions listed above Hadamard's matrix of order 12 looks like this:

+ o+ + + + + + + + + o+

-+ -+ + + - - -+ -

- -+ - + +
+

+ - - + -

+ o+ o+

=
|
+ o+ + + o+ o+ o+ o+ o+
+ o+ o+

+ o+ o+
+
\

\
\
+
\
\
+

B. Twin prime construction

Let both p and p+1 be primes, and [ be the product p(p+2). Assign +1 or —1 to each 4, for
i=0,2.,...,/—1, by the following rule:

(L]( ! J, if iis notamultiple of p or p+ 2
p)\p+2
a, = +1, if i # 0 is a multiple of p

-1, if i is a multiple of p + 2, including 0

i .
where the symbol (—J is defined to be +1,if 7 is a quadratic mod p and —1 otherwise.
p

Then, the sequence a,,da,,...,a, ; and all of its cyclic shifts together with the additional top row and left-most

column of all +1°s gives a cyclic Hadamard matrix of order [+1. [2] and [5]
e Example [2] and [5]. Let p =3 . Then, we have:

i 012 3 45 6 7 8 9 1011 1213 14
(3) + - + - 4 - + - + -
() do= =k dew = + - - +
G} +4+ F -+ — = e
a; + = + - — =k =

a; o = ab i o= e i e =

Then, Hadamard's matrix of order 12 is :
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+ o+
+
+
+
+

I
I
+
+ o+ o+ o+
+
I
I
I

o+ + o+ o+
+ + o+ o+ I +
+ o+ o+ I + o+ o+ o+
+ o+ o+ o + o+ o+
T + o+ o+
o+ o+ o+ +
+ o+ + o+ o+ [
+ o + o+ o+ + +
I I + o+ o+ L+
I + o+ o+ + 1+ +
I + o+ o+ + 1+
+ o+ o+ + 1+ + +
+ o+ o+ + 0+ + o+ o+
+ o+ + 1+ + o+ o+
+ + 1+ + o+ o+ [

=
Il
o+ o+ o+ o+ o+ o+ o+ o+ o+ o+ o+ o+ o+

+

[

4

+

[

+

+

+

[

4

4

+
+
|
+
|
+
+
+
+
|
+

4. Conclusion

By the above, it was shown that two classical methods for the Hadamard matrix concept, that of Paley and
Williamson, can be unified and Paley and Williamson's method can be constructed with a uniform method by
producing a association scheme and coherent configuration or configuration from group action to a community and
the production of Hadamard matrices, taking appropriate linear combinations (1, -1) of matrix representation of
coherent configuration. Through the group's orbits, the group's representative orbits matrices are finally taken and the
sum of these matrices gives a Hadamard matrix. At present no single method of construction can settle Hadamard
conjecture which states that there exists an H-matrix of order 4 for all positive integer. By computer search Djokovic
[11] shows that there is no Williamson matrix of order # =35 and so H-matrix of order 35x4 =140can be
constructed by Williamson method. However since 139 is a prime of the form 4t-1, an H-matrix of order 140 can be
constructed by the above method. While, from conjecture of M.K Singh, P.K Manjhi [1], that by their general method
H-matrix of any order can be constructed from suitable group. It was also shown that by using the Legendre symbol,

prime numbers, cyclic matrices, and congruences according to the module, can be constructed Hadamard's matrix of
order n.
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