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Abstract

Road network control remains a mathematically and practically complex challenge in optimizing urban traffic
systems. Traffic congestion, particularly at unsignalized intersections, continues to be a critical issue in densely
populated cities. These intersections often allow vehicles to navigate without external control, leading to
randomized vehicle behavior and increased risks of conflicts or accidents. Traditional methods have addressed
intersection congestion through various control strategies, yet few have formally modeled these dynamics using
rigorous mathematical structures.

In this paper, we construct a finite-state Markov chain model to describe the stochastic evolution of traffic
states at an unsignalized intersection. The system is represented by a row-stochastic transition matrix, where
each state corresponds to a discrete traffic condition (e.g., low flow, moderate flow, queued, and congested).
The stationary distribution vector is derived under the condition that its multiplication with the transition matrix
leaves it unchanged, capturing the stable, long-term distribution of traffic across states. A spectral analysis of
the transition matrix is conducted, with emphasis on the subdominant eigenvalue and the spectral radius, to
evaluate the rate of convergence toward equilibrium and assess intersection stability.

The results demonstrate that the spectral properties of the transition matrix serve as robust indicators of system
performance and congestion potential. Intersections with slowly decaying eigenvalues exhibit persistent traffic
buildup, whereas rapidly converging systems suggest smoother flow. These findings establish a formal
mathematical foundation for diagnosing and potentially optimizing traffic behavior at critical road network
points.
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1. Introduction

Unsignalized intersections represent a critical element of modern traffic networks, particularly
in urban and suburban areas where full signalization is either economically unfeasible or
unnecessary due to moderate traffic volumes. At these intersections, right-of-way is typically
determined by signage (e.g., stop signs, yield signs) or informal rules of priority, requiring
drivers to make real-time decisions based on their perception of gaps in opposing traffic flows.
These decisions are inherently stochastic and are influenced by driver behavior, vehicle
characteristics, and environmental conditions [1-2].

Unlike signalized intersections, where traffic movements are governed by deterministic light
cycles, unsignalized intersections rely heavily on individual judgment and interaction between
road users. This introduces considerable variability and uncertainty into the traffic system.
Traditional deterministic models often fail to capture this randomness, leading to limited
predictive accuracy when assessing performance metrics such as average delay, queue length,
or conflict probability [3,4]. Therefore, there is a pressing need for probabilistic models that
more accurately reflect the inherent randomness of vehicle interactions at these locations [5].
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Markov chains, a class of stochastic processes characterized by memoryless transitions between
discrete states, offer a powerful mathematical framework for modeling systems that evolve
probabilistically over time. When applied to traffic at unsignalized intersections, Markov
models can capture the dynamic state transitions governed by vehicle arrivals, departures, and
gap acceptance behavior. Each state can represent a snapshot of the intersection’s condition,
such as the number of vehicles queued on the minor road, the availability of acceptable gaps on
the major road, or the progression of individual driver decisions [7-8].

This paper presents mathematical modeling using Markov chains, with application in traffic
(intersections without traffic lights). The results should show whether the system has stable and
predictable behavior. This provides a basis for future proposals for the introduction of traffic
lights or roundabouts based on mathematical indicators [9-10].

Central to any Markov model is the stochastic transition matrix, which encapsulates the
probabilities of moving from one traffic state to another in a single time step. Analyzing the
structure and properties of this matrix allows researchers to understand long-run system
behavior, identify equilibrium conditions, and explore how sensitive these outcomes are to
variations in traffic flow parameters [11,12]. Despite the utility of Markov models in traffic
engineering, the literature reveals a gap in rigorous mathematical analysis of transition matrices
tailored to unsignalized intersection dynamics, particularly when considering realistic traffic
flow distributions and stochastic driver behavior[13-15].

This study aims to fill that gap by providing a detailed mathematical treatment of stochastic
transition matrices in the context of Markov models for unsignalized intersections. We focus
on both theoretical aspects, such as matrix stochasticity, irreducibility, ergodicity, and limiting
behavior, and applied outcomes, including the estimation of steady-state probabilities and their
implications for intersection performance [16,17].

By linking mathematical theory with practical traffic applications, this research offers a dual
contribution: it advances the theoretical understanding of Markov processes in transportation
systems and provides a foundation for data-driven analysis and design of safer, more efficient
unsignalized intersections [18-21].

2. Markov Chain

Markov chains are named after the Russian mathematician Markov Andrei, who first
formulated these processes and studied their properties of these processes. Markov chains have
wide application in various fields of science, such as: physics, technology, transport, economics,
and others.
A given system will have the property of a Markov chain if we have its current state, and the
future state of the system does not depend on past states, i.e., something that happened in the
past does not affect and does not give a forecast for the future.
From the state space X (discrete or continuous) and from the space T of the argument t (discrete
or continuous) Markov processes can be:

« Discrete Markov processes with discrete time, which are called a Markov chain,

«  Continuous Markov processes with discrete time, which are called a Markov sequence,

« Discrete Markov processes with continuous time,

«  Continuous Markov processes with continuous time.
Definition: A random process X(t) is a Markov process if for arbitrary n moments in time
ti<to<...<tn in the segment [0,T], the random distribution function of the last value X(t»), for
fixed values X(t1), X(t2),...,X(tr-1), depends only on X(tn-1), i.e. for the given values xi, xo, ...,
Xn the relation is satisfied
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Pr{(X(t,) < x / X(t1) = X1, w00, X(tn-1) = Xp_1} = Pr{(X(tn) < xp, / X(tn-1) = Xp_1}
[1]

Types of Markov Chains:
Discrete-time or continuous-time
Finite or infinite state space
Ergodic, irreducible, aperiodic, and absorbing chains (depending on specific properties)
The transition probabilities between states and are determined based on:
« Arrival Rates: Modeled using Poisson distributions to capture vehicle arrivals on both
major and minor roads.
Gap Acceptance Behavior: Represented by a probability distribution function describing
the likelihood that a driver will accept a gap of duration.
Departure Rules: Vehicles are allowed to depart if the gap is acceptable, otherwise, they
remain in the queue.
Unregulated intersections, due to their unpredictable nature, display stochastic behavior of
vehicle crossings, which can lead to congestion and conflicts.

3. Methodology of Research

A stochastic transition matrix is constructed that represents the changes in four-time intervals
during the day: morning, forenoon, afternoon, and evening. To provide probabilities of
transition from one state to another, the raw data from the observation are normalized in rows.
This procedure provides the necessary structure for the application of the Markov model.

The following values are analyzed: fixed vector of the system, spectral radius, and the speed of
stabilization of the traffic through eigenvalues. A comparison of the obtained results with the
Monte Carlo method is made. Also, a Machine Learning method and parameter inference are
applied to the obtained parameters.

3.1. Markov model for intersection: At an intersection without traffic lights, the movement of
vehicles is monitored during the day in four time intervals. Each row in the matrix represents
the state in a certain time interval:
First row — Morning (S1)
Second row — Forenoon (S:)
Third row — Afternoon (Ss)
Fourth row — Evening (S4)
For each time period, the change in the load on the intersection (the number of vehicles) is
analyzed, during which transitions from one state to another are observed. This forms a
stochastic transition matrix, in which each row represents the probability of transitioning to the
next state (from Si to Si). In the matrix below, m and n are unknown coefficients that need to
be determined so that each row (state) represents a correct probability vector (sum = 1).
Definition: The vector p=(p1, p2, ..., pn) is called a probability vector if its components are non-
negative numbers and their sum is 1.
The probability of transition from S: to the others is obtained by dividing the number of
vehicles in each period by the total number of vehicles.
To determine the transition probabilities from each state, we use observational data.
For example, during the Morning interval (S.), the following transitions were observed:
e 30 vehicles transitioned to Forenoon (S.),
e 40 vehicles transitioned to Afternoon (Ss),
e 20 vehicles transitioned to Evening (S4), and
e 30 vehicles remained in the Morning state (S: to S1).
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This gives a total of 120 wvehicles observed during the Morning interval.
To compute the transition probabilities, we divide each observed frequency by the total number
of vehicles:

From S; to — Forenoon (Sz)  Afternoon (Ss) Evening (Ss) Morning (S1)
Probabi]ity 30/120=1/4 40/120=1/3 20/120=1/6 30/120=1/4 [ 1]

These values form the first row of the transition matrix. A similar process is applied to compute
the probabilities for the other time intervals (S2, Ss, S4), ensuring that each row sums to 1 and
reflects realistic traffic transitions during the day.

1
|

Morning(S,)

11 1 1
4 4 3 6
11 11
48 2 48
11 1 1
'8 8 4 2
51 1 1
18 3 6 3. p

Fixed vector of the system
Definition: A stochastic matrix A is regular if all elements of some degree A" are positive.
Theorem: Let A be a regular stochastic matrix. Then:
For the matrix A there exists a unique fixed vector t, for which all components are positive:
t-A=t [3]

We are looking for the vector t=(x, y, X, w) such that:
x+y+z+w=1 [4]

[5]

S NS R
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1 1 1 1

4 4 3 6

1 1 1 1
A_|B 2 48 [6]
1 1 1 1

8 8 4 2

5 1 1 1
118 3 6 3

1 1 1 5
PEAETRY TR R

Fixed vector of the system by time intervals

For the fixed vector of the system over time intervals, we obtain:
x 0.1815
_|y|_|03144
b= [z‘ ~|0.2352 (8]
w 0.2686

These values represent the long-term (stable) probability that the system will be in each of the
weather states:

18.15% morning (S1),

31.44% forenoon (Sz),

23.52% afternoon (Ss),

26.86% evening (Sa).

31.44%

26.86%

0.25 23.52%

18.15%

BepojaTHocT
o
o
o

0.00

¥YTpo (S1) MpeTnnagHe (S:) NonnaaHe (Ss) Beyvep (Sa)

Figurel. Fixed vector of the system by time intervals

Diagram of states and values from a stationary distribution
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Figure 2 shows a diagram of the states and values from the stationary distribution, and each
node is named according to the time of day, and its stationary probability is included.

Figure 2. Diagram of states and values from a stationary distribution

This model can be used to predict traffic intensity at different times of the day. Traffic lights,
roundabouts, or intelligent signaling can be planned, especially for the Sz interval, where there
is the highest intensity. For this intersection with moderate and predictable traffic, a roundabout
is a better solution than traffic lights.

4. Comparison with the Monte Carlo model
Aim: To simulate traffic movement across 4-time intervals of the day (morning, forenoon,

afternoon, evening) based on a stochastic matrix, and after many simulations, to obtain a
realistic estimate of how often each condition occurs.
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1. Initial definitions
We have 4 weather conditions:
S ={S; = Morning, S, = Forenoon, S; = Afternoon, S, = Evening }
Stochastic transition matrix:

0.25 0.25 0.333 0.167

1 0125 0.5 0.25 0.125
b= 0.125 0.125 0.25 0.5 [11]

0.278 0.333 0.167 0.222

2. Step simulation

At each step, a new state is calculated as a random selection from the distribution given in the
order belonging to the current state.

Equation:

If we are in state S;, then:

Next state = Sample from categorical distribution with probabilities Pi1, Piz, Pis, Pia.
If the current state is Si, then we have state:

P, = [0.25,0.25,0.333,0.167] [12]

We generate a random number r € [0, 1]

We look at which interval r falls into (Table 1):

Table 1: interval of random number r

Interval Next state
[0.00,0.25) S,
[0.25,0.50) S,
[0.50,0.833) Ss
[0.833, 1.00) S,
S, if r<P,
i ) < ) )
S.u=. or T RET<RoR, [13]
S3 It Pi1+PiZ Sr<Pil+Pi2+Pi3
84

For each step t=1, 2, ..., N, we store the state S;. Finally:

Cj = Number of times the system has been in S
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Distribution (normalization): 7, = %
7,= Approximate probability of the condition §;
Cj= Number of visits to §;

N = Total number of simulated steps
For the research on the specific case and N = 10 000, we obtain:

C1=1870, Cp=3122, C(C3=2382, C4=2626

— _ 1870 _ _ 2382 _ B
il = —=0.187 = 18% 73 = —— = 0.2382 = 23.82%

— _ 3122 _ _ 2626 _ _

M = Too0s = 03122 = 31.22% 3 = === 0.2626 = 26.26% [14]

Comparison: Markov model vs. Monte Carlo
Figure 3 shows the simulation of comparison between the two models according to the obtained
values.

Komnapauwnja: Mapkoe moaen HacnpoTu Monte Carlo cnmynauuja

14
~
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18159 18.70% I
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Figure 3. Comparison - Markov model vs. Monte Carlo

The Monte Carlo method with 10,000 simulations very accurately follows the long-term stable
distribution obtained with the Markov model.

5. Improving the Markov Chain Model with Markov Chain Monte Carlo (MCMC)
Machine Learning

Markov Chain Monte Carlo (MCMC) is a powerful class of algorithms used to sample from
complex probability distributions, especially when direct sampling is difficult or impossible. It
combines two main ideas:
« Markov Chains — These are random processes where the next state depends only on
the current state (memoryless property).
« Monte Carlo Methods — These are statistical techniques that rely on random sampling
to perform numerical estimations.
In statistics, we often want to know about a probability distribution, such as the posterior
distribution in Bayesian inference. If that distribution is too complicated to describe
analytically, MCMC helps us generate samples from it, so we can estimate quantities like
means, variances, or probabilities.
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The idea is to construct a Markov chain that has the target distribution as its stationary
distribution. Then, by simulating the chain for many steps, the samples generated can be used
as approximations of the target distribution.
The goal of MCMC is to generate samples from a complex (often unknown) distribution,
especially when direct computation is impossible.
How does MCMC work?
= Start with an initial state xo
= Define a transition rule (usually with "Metropolis-Hastings" or "Gibbs sampling")
« Accept or reject the new state
based on probability (according to the target distribution)
« Repeat the process many times,
so that the result is a sequence of states X1,X2,...,Xn, Which are real samples of the desired
distribution

Markov Chain Monte Carlo (MCMC) simulation

Posterior Distribution Histogram: Shows the probability distributions for each parameter
obtained from the MCMC simulation, as shown in Figure 4.
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Figure 4. Markov Chain Monte Carlo (MCMC) simulation

Also shown in Figure 4 is a Trace plot (MCMC Trace):

Here, the MCMC algorithm is plotted through values for each parameter over 2000 iterations.
Although the line is chaotic, but stable around the central value, which means that the model
has converged and the results are stable.
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Machine learning results

print('Model 1:' mean_absolute_error(true_regression_line, modell))

print(‘'Model 2:', mean_absolute_error(true_regression_line,model2))

print('Average:',mean_absolute_error(true_regression_line, modell*.5+model2*.5}))

print('MCMC:', 6 mean_absolute_error(true_regression_line, intercept+xlparam*modeli+x2param*model2))

Model 1: 8.382576232379
Model 2: 8.153438347644
Average: 8.208277877251
MCMC: ©.129878529633

Figure 5. Python Code and MAE Comparison for Model 1, Model 2, Averaged Model, and MCMC-Based

Model

In Figure 5, Python code is presented for calculating the mean absolute error (MAE) of three
modeling approaches. The MAE is shown for Model 1, Model 2, the average of the two models,
and a model enhanced using the Markov Chain Monte Carlo (MCMC) method.

Model 1 (with higher) gives the highest error (MAE = 0.38)

Model 2 (less noise) shows better precision (MAE 0.15)

Average aggregation of both models gives moderate error (MAE=0.20)

The best results are obtained with MCMC model (Markov Chain Monte Carlo), where
the error is lowest (MAE=0.13)

6. Conclusions

Instead of classical regression, Markov Chain is used — a process in which the next state
depends only on the current state, not on the entire history

Comparison with Monte Carlo — a technique based on random sampling to approximate
solutions.

Model improvement with machine learning: Markov Chain Monte Carlo (MCMC)

If used for:

For long-term stability and structure — Markov model

For realistic dynamics and fluctuations — Monte Carlo simulation

For integration of models with noise and reliability — MCMC analysis
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