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Abstract 

 

For a function 𝑓 of the class 𝒜  involving an analytic function 𝜙 using subordination is defined a generalized 

Janowski-type subclass of normalized analytic functions. For functions belonging to this class, we derive sharp 

bounds for the initial coefficients |𝑎2| and |𝑎3|. These bounds are given explicitly in terms of the parameters A 

and B, as well as the derivatives 𝜙′(1) and 𝜙′′(1). Several significant special cases are examined, including the 

classical Janowski starlike class, a square-root–type case, and a case associated with exponential distortion. The 

sharpness of the obtained results is established by constructing appropriate extremal Schwarz functions 

 

Keywords: univalent functions; differential subordination; coefficient bounds; Janowski functions; Schwarz 

lemma; starlike functions; sharp estimates. 

 

Introduction and preliminaries 

 

Let 𝔻 = {𝑧 ∈ ℂ: |𝑧| < 1} denote the open unit disk , and let 𝒜 be the class of  a function 

analytic in 𝔻 of the form 

(1)                                                                    𝑓(𝑧) = 𝑧 +∑𝑎𝑛𝑧
𝑛

∞

𝑛=2

  

A function 𝑓 ∈ 𝒜 is said to be starlike if  

(2)                                                                   𝑅𝑒 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 0, 𝑧 ∈ 𝔻. 

and the class of all such function is denoted with 𝑆∗. 
Lemma 1. (Schwarz Lemma) 

If 𝜔(𝑧) = ∑ 𝑐𝑘𝑧
𝑘∞

𝑘=1   analytic in 𝔻 and satisfy the condition |𝜔(𝑧)| < 1, then 

|𝜔(𝑧)| ≤ |𝑧|, (𝑧 ∈ 𝔻)  𝑎𝑛𝑑  |𝑐1| ≤ 1  
 are obtained. In particular ,  |𝜔(𝑧0)| = |𝑧0|, for some 𝑧0 ∈ 𝔻 ∖ {0} or |𝑐1| = 1 if and only if 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧 for some 𝜃 (0 ≤ 𝜃 < 2𝜋). 
 

An analytic function 𝜔:𝔻 → ℂ satisfying 𝜔(0) = 0 si called Schwarz function and this 

function has a Taylor series expansion 𝜔(𝑧) = 𝑐1𝑧 + 𝑐2𝑧
2 +⋯, with |𝜔(𝑧)| < 1 for all 𝑧 ∈

𝔻.  

The standard estimation for a coefficient of a  Schwarz function are 

(3)                                                                   |𝑐1| ≤ 1 , |𝑐2| ≤ 1 − |𝑐1|
2, 

both inequalities are sharp 

Special cases: 

If 𝑐1 = 0, then the estimate reduces to 

|𝑎2| ≤ 1, 
 

with equality  for 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧2. 
If |𝑎1| = 1, then 𝑤(𝑧) = 𝑒𝑖𝜃𝑧 and 𝑎2 = 0,  which also satisfies the bound sharply. 
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A standard way to generalize starlike functions is through subordination, because subordination 

is used in exploring geometric properties of univalent functoin. If 𝑝 and 𝑞 are analytic in 𝔻, 

then 𝑝 is subordinate to 𝑞, written as 

𝑝(𝑧) ≺ 𝑞(𝑧) 
If there exists a function 𝜔:𝔻 → 𝔻,  analytic in 𝔻, normalized with 𝜔(0) = 0 with |𝜔(𝑧)| <
1, ∀𝑧 ∈ 𝔻 such that 

𝑝(𝑧) = 𝑞(𝜔(𝑧)), ∀𝑧 ∈ 𝔻. 
Also the concept of differential subordination play an important role in geometric properties of 

analytic functions by embedding them into controlled inequalities. It was formalized by Miller 

and Mocanu and has become a central tool in modern complex analysis. 

Definition 1. Let 𝜓: ℂ2 × 𝔻 → ℂ be a given function and let ℎ be analytic function in 𝔻. If an 

analytic function 𝑝 satisfies  

𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧); 𝑧) ≺ ℎ(𝑧), 𝑧 ∈ 𝔻, 
then 𝒑 is said to satisfy a first-order differential subordination. 

 

Janowski functions generalize the classical starlike functions and extend many classical 

subclasses of univalent functions and by varying of parameters A,B, are  obtained different 

subclasses of univalent functions 

The Janowski function is given by 

(4)                                                             𝐽𝐴,𝐵(𝑧) =
1 + 𝐴 𝑧

1 + 𝐵 𝑧
, −1 ≤ 𝐵 < 𝐴 ≤ 1. 

and the Janowski class of starlike functions 𝑆∗(𝐴, 𝐵) if  
 

(5)                                                               
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺
1 + 𝐴 𝑧

1 + 𝐵 𝑧
, 𝑧 ∈ 𝔻. 

Now using this class of a function let us define the class  𝑆∗[𝐴, 𝐵; 𝜙].  
Let 𝜙 be analytic in a domain containing 1, with  

𝜙(1) = 1. 
For −1 ≤ 𝐵 < 𝐴 ≤ 1, we define the class 

(6)                                                     𝑆∗[𝐴, 𝐵; 𝜙] = {𝑓 ∈ 𝒜:
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝜙 (

1 + 𝐴 𝑧

1 + 𝐵 𝑧
)} 

Equivalently , 𝑓 ∈ 𝑆∗[𝐴, 𝐵, 𝜙] if there exists a Schwarz function 

𝜔(𝑧) = 𝑐1𝑧 + 𝑐2𝑧
2 +⋯. 

such that  

𝑧𝑓′(𝑧)

𝑓(𝑧)
= 𝜙 (

1 + 𝐴 𝜔(𝑧)

1 + 𝐵 𝜔(𝑧)
). 

For a Schwarz function we use the standard estimates 

|𝑐1| ≤ 1  𝑎𝑛𝑑  |𝑐2| ≤ 1 − |𝑐1|
2. 

This inequality are sharp. 

 

2.  Main result 

 

Theorem 1. Let 𝑓 ∈ 𝑆∗[𝐴, 𝐵; 𝜙], where  

𝑓(𝑧) = 𝑧 + 𝑎2𝑎
2 + 𝑎3𝑧

3 +⋯.  
Assume that 𝜙 is analytic at 1, with 𝜙(1) = 1. Then  

(7)                                                |𝑎2| ≤ |𝐴 − 𝐵||𝜙
′(1)| 

and 
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(8)             |𝑎3| ≤
1

2
𝑚𝑎𝑥 {|(𝐴 − 𝐵)𝜙′(1)|, |(𝐴 − 𝐵)2(𝜙′(1))

2
− 𝐵(𝐴 − 𝐵)𝜙′(1)

+
(𝐴 − 𝐵)2

2
𝜙′′(1)| } . 

Both estimates are sharp. 

 

 

Proof 

 

Since 𝑓 ∈ 𝑆∗[𝐴, 𝐵; 𝜙], there exists a Schwarz function 

𝜔(𝑧) = 𝑐1𝑧 + 𝑐2𝑧
2 +⋯ 

such that  

𝑧𝑓′(𝑧)

𝑓(𝑧)
= 𝜙 (

1 + 𝐴 𝜔(𝑧)

1 + 𝐵 𝜔(𝑧)
). 

Firs, from Janowski function we have the expansion 
1 + 𝐴 𝜔(𝑧)

1 + 𝐵𝜔(𝑧)
= 1 + (𝐴 − 𝐵)𝜔(𝑧) − 𝐵(𝐴 − 𝐵)𝜔(𝑧)2 +⋯ 

and since 

𝜔(𝑧) = 𝑐1𝑧 + 𝑐2𝑧
2 +⋯, 

we obtain 
1 + 𝐴 𝜔(𝑧)

1 + 𝐵 𝜔(𝑧)
= 1 + (𝐴 − 𝐵)𝑐1𝑧 + [(𝐴 − 𝐵)𝑐2 − 𝐵(𝐴 − 𝐵)𝑐1

2]𝑧2 +⋯, 

now if we expand 𝜙 around 1 

𝜙(𝜔) = 1 + 𝜙′(1)(𝜔 − 1) +
𝜙′′(𝜔)

2
(𝜔 − 1)2 +⋯.  

Therefore  

𝜙(
1 + 𝐴 𝜔(𝑧)

1 + 𝐵 𝜔(𝑧)
)

= 1 + (𝐴 − 𝐵)𝜙′(1)𝑐1𝑧

+ [(𝐴 − 𝐵)𝜙′(1)𝑐2 − 𝐵(𝐴 − 𝐵)𝜙
′(1)𝑐1

2 +
(𝐴 − 𝐵)2

2
𝜙′′(1)𝑐1

2] 𝑧2 +⋯.  

On the other hand, 
𝑧𝑓′(𝑧)

𝑓(𝑧)
= 1 + 𝑎2𝑧 + (2𝑎3 − 𝑎2

2)𝑧2 +⋯. 

Comparing coefficients gives 

𝑎2 = (𝐴 − 𝐵)𝜙
′(1)𝑐1. 

Hence  

 

|𝑎2| ≤ |𝐴 − 𝐵||𝜙
′(1)| 

For the second coefficient , 

2𝑎3 − 𝑎2
2 = (𝐴 − 𝐵)𝜙′(1)𝑐2 − 𝐵(𝐴 − 𝐵)𝜙

′(1)𝑐1
2 +

(𝐴 − 𝐵)2

2
𝜙′′(1)𝑐1

2. 

Since  

𝑎2
2 = (𝐴 − 𝐵)2(𝜙′(1))

2
𝑐1
2, 

we obtain 

𝑎3 =
(𝐴 − 𝐵)𝜙′(1)

2
𝑐2 +

1

2
[(𝐴 − 𝐵)2(𝜙′(1))

2
− 𝐵(𝐴 − 𝐵)𝜙′(1) +

(𝐴 − 𝐵)2

2
𝜙′′(1)] 𝑐1

2. 
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If we put 

(9)                                                           𝑀 = (𝐴 − 𝐵)𝜙′(1), 
and 

(10)                            𝑁 = (𝐴 − 𝐵)2(𝜙′(1))
2
− 𝐵(𝐴 − 𝐵)𝜙′(1) +

(𝐴 − 𝐵)2

2
𝜙′′(1), 

then 

𝑎3 =
1

2
𝑀𝑐2 +

1

2
𝑁𝑐1

2. 

Using the inequality  

|𝑐2| ≤ 1 − |𝑐1|
2, 

we obtain 

|𝑎3| ≤
1

2
|𝑀|(1 − |𝑐1|

2) +
1

2
|𝑁||𝑐1|

2 

Let 

𝑥 = |𝑐1|
2, 0 ≤ 𝑥 ≤ 1. 

Then 

|𝑎3| ≤
1

2
[|𝑀|(1 − 𝑥) + |𝑁|𝑥] . 

Since the right-hand side is linear in 𝑥, its maximum on [0,1] is attained at an endpoint. Hence 

 

|𝑎3| ≤
1

2
max{|𝑀|, |𝑁|}. 

Thus 

|𝑎3| ≤
1

2
max {|(𝐴 − 𝐵)𝜙′(1)|, |(𝐴 − 𝐵)2(𝜙′(1))

2
− 𝐵(𝐴 − 𝐵)𝜙′(1) +

(𝐴 − 𝐵)2

2
𝜙′′(1)|}. 

 

This proves the desired estimate. 

 

Now let’s proof the sharpnes. 

 

For |𝑎2|, equality holds when 

|𝑐1| = 1. 
By Schwarz lemma this happens when 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧. 
Now let’s construct the extremal function, 

𝑧𝑓𝜃
′(𝑧)

𝑓𝜃(𝑧)
= 𝜙 (

1 + 𝐴𝑒𝑖𝜃𝑧

1 + 𝐵𝑒𝑖𝜃𝑧
) 

Since 

𝑧
𝑑

𝑑𝑧
log
𝑓(𝑧)

𝑧
=
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1 

we can write 

𝑑

𝑑𝑧
log
𝑓(𝑧)

𝑧
=
𝜙 (
1 + 𝐴𝑒𝑖𝜃𝑧
1 + 𝐵𝑒𝑖𝜃𝑧

) − 1

𝑧
 

Integrating from 0 to z 

log
𝑓(𝑧)

𝑧
= ∫

𝜙 (
1 + 𝐴𝑒𝑖𝜃𝑡
1 + 𝐵𝑒𝑖𝜃𝑡

) − 1

𝑡

𝑧

0

𝑑𝑡 

or 
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𝑓(𝑧) = 𝑧 𝑒∫
𝜙(
1+𝐴𝑒𝑖𝜃𝑡

1+𝐵𝑒𝑖𝜃𝑡
)−1

𝑡
𝑑𝑡

𝑧
0  

 

For |𝑎3|, the sharpness argument is based on the fact that 𝑎3 depends on the first two Schwarz 

coefficients of 𝜔. 

From 

|𝑎3| ≤ |𝑁|𝑥 + |𝑀|(1 − 𝑥),   𝑥 = |𝑐1|
2, 0 ≤ 𝑥 ≤ 1. 

 

So the problem reduces to maximizing the linear function 

𝐺(𝑥) = |𝑁|𝑥 + |𝑀|(1 − 𝑥),   0 ≤ 𝑥 ≤ 1. 
𝐺′(𝑥) = |𝑁| − |𝑀| 

There are two cases. 

Case 1. |𝑵| > |𝑴| 
𝐺′(𝑥) > 0,   𝐺(𝑥) is increasing ⇒ |𝑁| − |𝑀| > 0 ⇒ |𝑁| > |𝑀|,,  the maximum occurs at  

𝑥 = 1,   
|𝑐1|

2 = 𝑥 = 1 

By the equality case of Schwarz’s lemma, 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧, 
that is  𝑐1 = 𝑒

𝑖𝜃,   𝑐2 = 0 

Hence  

𝑎3 = 𝑁𝑒
2𝑖𝜃 , ⇒ |𝑎3| = |𝑁|   

Thus,when |𝑁| > |𝑀|, equality is obtained by taking 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧. 
Case 2. |𝑵| < |𝑴| 
𝐺′(𝑥) < 0,   𝐺(𝑥) is decreasing ⇒ |𝑁| − |𝑀| < 0 ⇒ |𝑁| < |𝑀|,,  the maximum occurs at  

𝑥 = 0,   this mean 𝑐1 = 0 

To get equality in the Schwarz estimate, we take 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧2 
For this choice, 

𝑐1 = 0, 𝑐2 = 𝑒
𝑖𝜃. 

Hence  

𝑎3 = 𝑀𝑒
𝑖𝜃  𝑠𝑜  |𝑎3| = |𝑀| 

Thus when |𝑁| < |𝑀|, equality is obtained by taking 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧2. 
Case 3. |M|=|N| 

|𝑎3| ≤ |𝑁|𝑥 + 𝑁(1 − 𝑥) = |𝑁| 
Therefor 

|𝑎3| ≤ |𝑁| = 𝑀 
both extremal choices work 

Thus the bound for |𝑎3| is sharp. 

 

Corollary 1 (Classical Janowski Starlike Class) 

Let 𝜙(𝑤) = 𝑤. 
Then  

𝑆∗[𝐴, 𝐵; 𝜙] = 𝑆∗[𝐴, 𝐵], 
the usual Janowski starlike class.  

If 𝑓 ∈ 𝑆∗[𝐴, 𝐵], then 

|𝑎2| ≤ 𝐴 − 𝐵, 
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and  

|𝑎3| ≤
𝐴 − 𝐵

2
max{ 1, |𝐴 − 2𝐵|}. 

 

Proof 

 

Since 

𝜙(𝑤) = 𝑤, 
We have 

𝜙′(1) = 1, 𝜙′′(1) = 0. 
 

Substituting these into the main theorem gives 

 

|𝑎2| ≤ 𝐴 − 𝐵, 
Also, 

𝑁 = (𝐴 − 𝐵)2 − 𝐵(𝐴 − 𝐵) = (𝐴 − 𝐵)(𝐴 − 2𝐵) 
Therefor 

|𝑎3| ≤
1

2
max{ 𝐴 − 𝐵, |(𝐴 − 𝐵)(𝐴 − 2𝐵)|}.  

Since  𝐴 − 𝐵 > 0, we get 

|𝑎3| ≤
𝐴 − 𝐵

2
max{1, |𝐴 − 2𝐵|} 

 

Corollary 2 (Classical Starlike Functions) Let 𝐴 = 1, 𝐵 = −1, 𝜙(𝑤) = 𝑤. Then 

 

𝑆∗[1, −1; 𝜙] = 𝑆∗, 
the classical class of starlike functions. If 

𝑓(𝑧) = 𝑧 + 𝑎2𝑧
2 + 𝑎3𝑧

3 +⋯ ∈ 𝑆∗ 
Then 

|𝑎2| ≤ 2  𝑎𝑛𝑑 |𝑎3| ≤ 3. 
Proof 

From Corollary 1, 

|𝑎2| ≤ 𝐴 − 𝐵 = 1 − (−1) = 2 
Also 

𝐴 − 2𝐵 = 3 
Thus 

|𝑎3| ≤
2

2
max{1,3} = 3 

These are the well-known sharp coefficient bounds for the classical starlike class. 

 

Corollary 3. (The case 𝝓(𝒘) = 𝒘𝝁) .  
Let 

𝜙(𝑤) = 𝑤𝜇, 𝜇 > 0 

where the principal branch is taken near 𝑤 = 1.  

If 𝑓 ∈ 𝑆∗[𝐴, 𝐵;𝑤𝜇], 
 

|𝑎2| ≤ 𝜇(𝐴 − 𝐵), 
 

|𝑎3| ≤
𝜇(𝐴 − 𝐵)

2
max {1, |−𝐵 +

(𝐴 − 𝐵)(3𝜇 − 1)

2
|}. 
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Proof 

 

For  

𝜙(𝑤) = 𝑤𝜇, 
we have 

𝜙′(1) = 𝜇, 𝜙′′(1) = 𝜇(𝜇 − 1) 
 

Therefor  

|𝑎2| ≤ 𝜇(𝐴 − 𝐵). 
Morever 

𝑁 = (𝐴 − 𝐵)2𝜇2 − 𝐵(𝐴 − 𝐵)𝜇 +
(𝐴 − 𝐵)2

2
𝜇(𝜇 − 1). 

Hence 

 

𝑁 = 𝜇(𝐴 − 𝐵) [−𝐵 +
(𝐴 − 𝐵)(3𝜇 − 1)

2
]. 

Therefor 

|𝑎3| ≤
1

2
max {𝜇(𝐴 − 𝐵), 𝜇(𝐴 − 𝐵) |−𝐵 +

(𝐴 − 𝐵)(3𝜇 − 1)

2
|} 

Thus, 

|𝑎3| ≤
𝜇(𝐴 − 𝐵)

2
max {1, |−𝐵 +

(𝐴 − 𝐵)(3𝜇 − 1)

2
|} 

Corollary 4. (Square-Root Subclass)  

Let 𝜙(𝑤) = √𝑤. Then 𝜇 =
1

2
  in Corollary 3. 

 If 

𝑓 ∈ 𝑆∗[𝐴, 𝐵; √𝑤],  
Then 

|𝑎2| ≤
𝐴 − 𝐵

2
, 

And 

|𝑎3| ≤
𝐴 − 𝐵

4
max {1, |−𝐵 +

𝐴 − 𝐵

4
|}. 

In particular, for 𝐴 = 1 and 𝐵 = 0. 

|𝑎2| ≤
1

2
, |𝑎3| ≤

1

4
. 

 

Corollary 5: (Exponential-Type Subclass).  Let 

𝜙(𝑤) = 𝑒𝑤−1. 
If  

𝑓 ∈ 𝑆∗[𝐴, 𝐵; 𝑒𝑤−1] 
Then 

|𝑎2| ≤ 𝐴 − 𝐵, 
And  

|𝑎3| ≤
𝐴 − 𝐵

2
max {1, |−𝐵 +

3

2
(𝐴 − 𝐵)|}. 

Proof 

For 

𝜙(𝑤) = 𝑒𝑤−1, 
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We have 

𝜙′(1) = 1, 𝜙′′(1) = 1. 
Therefor 

|𝑎2| ≤ 𝐴 − 𝐵. 
Also, 

𝑁 = (𝐴 − 𝐵)2 [−𝐵 +
3

2
(𝐴 − 𝐵)]. 

Therefor  

|𝑎3| ≤
𝐴 − 𝐵

2
max {1, |−𝐵 +

3

2
(𝐴 − 𝐵)|} . 

 

 

Corollary 6 (Exponential Case with 𝑨 = 𝟏,𝑩 = −𝟏) 

Let 

𝐴 = 1, 𝐵 = −1, 𝜙(𝑤) = 𝑒𝑤−1. 
If 

𝑓 ∈ 𝑆∗[1, −1; 𝑒𝑤−1], 
Then  

|𝑎2| ≤ 2; 
|𝑎3| ≤ 4 

 

Corollary 7. (The case B=0 and the case A=1,B=0) 

The case B=0. 

Then the class is determined by 
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝜙(1 + 𝐴 𝑧) 

If 𝑓 ∈ 𝑆∗[𝐴, 0, 𝜙],  
Then 

|𝑎2| ≤ |𝐴||𝜙
′(𝑤)| 

And  

|𝑎3| ≤
1

2
max {|𝐴𝜙′(𝑤)|, |𝐴2(𝜙′(1))

2
+
𝐴2

2
𝜙′′(𝑤)|} 

The case A=1, B=0. 

Then the class is determined by 
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝜙(1 +  𝑧) 

 

 

If 𝑓 ∈ 𝑆∗[1,0; 𝜙] 
Then 

|𝑎2| ≤ |𝜙
′(1)|, 

And 

|𝑎3| ≤
1

2
max{|𝜙′(1)|, | (𝜙′(1))

2
+
1

2
𝜙′′(1)|} 

 

Below we have presented a table for the bound of |𝑎2|𝑎𝑛𝑑 |𝑎3| where  are given special cases 

for the function 𝜙(𝑤) and the parameters −1 ≤ 𝐵 < 𝐴 ≤1 
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Example 𝝓(𝒘) (𝑨, 𝑩) |𝒂𝟐|, 𝒃𝒐𝒖𝒏𝒅 |𝒂𝟑|, 𝒃𝒐𝒖𝒏𝒅 

1 𝑤 
(
1

2
, −
1

2
) 

1 3

4
 

2 𝑤 (1, −1) 2 3 

3 𝑤2 (1,0) 2 5

2
 

4 √𝑤 (1,0) 1

2
 

1

4
 

5 𝑒𝑤−1 (1,0) 1 3

4
 

7 𝑒𝑤−1 (1, −1) 2 4 

8 𝑤2 
(
1

2
, 0) 

1 5

8
 

9 1
+ sin(𝑤
− 1) 

(1,0) 1 1

2
 

 

Conclusion 

 

In this paper, we considered a generalized Janowski-type subclass of starlike functions defined 

by the differential subordination 
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝜙 (

1 + 𝐴 𝑧 

1 + 𝐵 𝑧
) , −1 ≤ 𝐵 < 𝐴 ≤ 1, 𝑧 ∈ 𝔻 

where 𝜙 is analytic in a neighborhood of 1 and satisfies 𝜙(1) = 1. By using the power-series 

expansion of the logarithmic derivative, the Janowski function, and the standard coefficient 

estimates for Schwarz functions, we obtained sharp upper bounds for the initial coefficients 
|𝑎2| and |𝑎3|. The main estimates are expressed explicitly in terms of the parameters A, B, and 

the quantities 𝜙′(1) and 𝜙′′(1), which shows clearly how the choice of the function 𝜙 

influences the coefficient structure of the class.. 

 

The obtained bounds are 

 

|𝑎2| ≤ |𝐴 − 𝐵||𝜙
′(1)| 

and 

|𝑎3| ≤
1

2
max {|(𝐴 − 𝐵)𝜙′(1)|, |(𝐴 − 𝐵)2(𝜙′(1))

2
− 𝐵(𝐴 − 𝐵)𝜙′(1)

+
(𝐴 − 𝐵)2

2
𝜙′′(1)| } . 

 

The sharpness of these estimates are verified by choosing suitable extremal Schwarz functions, 

particularly 

 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧 
and 

𝜔(𝑧) = 𝑒𝑖𝜃𝑧2. 
 

Several special cases are also given. In particular, the general theorem reduces to the classical 

Janowski starlike class when 𝜙(𝑤) = 𝑤, and to the classical starlike class when A=1, B=−1. 
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Also some example are given in a table form for special cases of choice 𝜙(𝑤) and A and B 

and the resultin bounds. 

 

The results of this paper may be extended in several directions. One natural continuation is to 

study the Fekete–Szegö functional for function 𝑆∗[𝐴, 𝐵; 𝜙]. Another possible direction is the 

investigation of higher-order coefficients such as |𝑎4|, |𝑎5|, and inverse coefficients. It would 

also be interesting to study Hankel determinants, logarithmic coefficients, and radius problems 

for this generalized class. 
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