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Abstract

Inspired by the Euler identity, there have been a lot of attempts to approximate particular integers by applying

some algebraic operations to some non-integer numbers. Here it is used a method of generating some almost
integers with the help of Pisot numbers (real algebraic integers greater than one with all Galois conjugates
located in the open unit disc in the complex plane). The method consists of obtaining values that are very close
to whole numbers by taking high powers of Pisot numbers. There are used some terms of three polynomial
sequences to generate some Pisot numbers. A desired approximation to the integer depending on the power of
the Pisot number and the distance of its Galois conjugates from the origin will be examined.
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1. Introduction

By an almost integer, we define a very close value (but not equal) to an integer. Such examples
are:

¢" - =19,999099979... ~ 20

9
2 —9,9998387..~10
e

sin11=-0.9999999922... ~ —1
(?JS =109,000338... 109
88In89 =395,000000536... = 395 etc.
The inspiration for searching such values comes from the famous Euler’s identity ¢” +1=0 i.e. ¢” =—1.

In most cases, almost integers, as values of some expressions, occur by a coincidence, but there are a case
when there is given a method for generating such values. Such a method is given in [4].

2. Pisot Numbers
Before defining Pisot numbers, let us recall some of the definitions needed for that purpose.

Let P(x)=ax"+a, x"" +..+ax+a, be a polynomial with integer coefficients.
Definition 2.1: The polynomial P (x) is said to be monic if a, =1.

Definition 2.2: The polynomial P, (x) is said to be irreducible over integers if it cannot be factored into

a product of two non-constant polynomials with integer coefficients.
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Example 2.1: O(x)=x’ +1 is not irreducible over integers (or it is reducible) since Q(x) = (x+1)(x* —x+1) but
R(x) = x* +1 is irreducible.

Definition 2.3: Let a be a complex number. The monic polynomial of least degree with integer
coefficients, having a as aroot is called the minimal polynomial of a.

Definition 2.4: A complex number is called an algebraic integer if it is a root of a polynomial with
integer coefficients.

Let a be an algebraic integer and P(x) its minimal polynomial.

Definition 2.5: All the roots 8 # «a of the polynomial P(x) are caled Galois conjugates of a.
We are now ready to define Pisot numbers:

Definition 2.6: A real algebraic integer larger than 1 whose all Galois conjugates lie on the interior of
the complex unite disc is called a Pisot number.

These numbers were first studied by Thue [7] in 1912 and Hardy [1] in 1919, but they gained
popularity by Pisot [4] in 1938.

More about Pisot numbers can be found in [2, 4-6, 8].

3. Almost Integers Generated by Pisot Numbers

In this section, we will show that higher powers of Pisot numbers tend to go closer to integers. Before
that, let us define what do we mean by “close to an integer”.

Definition 3.1: Let {x} denoted the decimal part of the real number x . We define

if {x} <0,5 . .
x| = 1 .{x} "~ to be the distance from x to the nearest integer.
1—{x} if {x} > 0,5

Theorem 3.1: [3] If a is a Pisot number, then lim ||a" " =0.

n—ow

To prove this theorem, we will use the following result:

Theorem 3.2: [3] Let P(x) be a monic, irreducible polynomial of degree d with (not necessarily

distinct) roots 6,,6,,...,6,. Then §" +6," +...+0," is an integer, for all positive integers 7.

Proof of theorem 3.1: [3] Let o =6, have the Galois conjugates 6,,6,,...,6,. Since |9,| <1, Vi=23,..,.d,

d

then lim@)" =0, Vi=2,3,...d. So 1im> 6" =0...(1).
n—»00 n—ow i

d
From the theorem 3.2 we have that a" + 6, +6; +..+6, =b, €[], forall nell. So b, —a" =) 6" where
i=2

n—w n—»o0 4

d
b, ell, for all nel'. Then, from the last equation, we get lim(b” -a" ) =1lim ) 6"..(2).
i=2

Replacing (1) in (2) we get lim(h, —a") =0, and since b, is an integer, it implies that lim |«"||= 0.

n—»o0

In [6] there are given three polynomial sequences in which positive zeros are Pisot numbers. We will use
these polynomials to generate some Pisot numbers with the help of which we will construct some almost
integers.
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P(x)=x"(x’-x-1)+x" -1, n=1,2,3,...

n+l _1

0,(x) = x" - = n=357,..

X7 =1
T n=357,..

R (x)=x"-

Next, we represent graphically some Pisot numbers generated by these polynomial sequences as
well as its corresponding Galois conjugates:

3. Table Figures and Equations

P(x)=x"—x-1 B(x)=x"-x"-1 P(x)=x"—x"-x"+x* -1
xX)=x>—x*-1 x)=x"—x"—x"-1 xX)=x —x*—x*—x* -1
O, (x) 2 7
Px)=x"—x—-1 X)=x—x—x*—x-1 R(x)=x"-x"-x'-x=-x"—x-1
1 5 7
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In the next tables we give values of some powers of some Pisot numbers generated by these
polynomial sequences:

Table 1. Some powers of some Pisot numbers generated by these polynomial sequences

P P2 P 3

n o’ n 20 i a’n >0 i a’n 30 i o’n

1.32472 1.38028 1.44327 1.61803
1 1.32472 1.51 1.38028 2.59 1.44327 3.33 1.61803
2 1.75488 1.14 1.90517 2.24 2.08303 2.78 2.6180211
3 2.32472 0.86 2.62967 1.69 3.00637 2.33 4.2360366
4 3.07960 0.65 3.62968 1.23 4.33901 1.95 6.8540344
5 4.07960 0.49 5.00998 1.08 6.26236 1.64 11.090033

Table 2. Some powers of some Pisot numbers generated by these polynomial sequences

Q3 QS5 Q7

n a’n >0 1 a’n 201 a’n 201 a’n

1.46557 1.57015 1.60135 1.61803
1 1.46557 1.36 1.57015 3.19 1.60135 5.13 1.61803
2 2.14790 0.93 2.46537 2.55 2.56432 4.4 2.618021
3 3.14789 0.64 3.87100 2.04 4.10638 3.77 | 4.236037
4 4.61345 0.43 6.07805 1.64 6.57575 3.24 6.854034
5 6.76134 0.3 9.54346 1.31 10.53007 = 2.79 11.09003

Table 3. Some powers of some Pisot numbers generated by these polynomial sequences

R 3 R 5 R 7

n a’n >0 i a’n 01 a’n >0 i a’n
1.32472 1.38028 1.44327 1.61803
1 1.32472 1.51 1.38028 1.77 1.44327 5.13 1.61803
2 1.75488 1.12 1.90517 1.56 2.08303 441 2.618021
3 2.32472 0.86 2.62967 1.38 3.00637 3.81 4.236037
4 3.07960 0.65 3.62968 1.22 4.33901 3.31 6.854034
5 4.07960 0.49 5.00998 1.08 6.26236 2.89 11.09003

4. Integer Approximations

On the previous tables, we added the value of ¢ (as a Pisot number generated by the polynomial

P(x)=x" —x—1) to compare the results with the previous Pisot numbers.
We can see that powers of ¢ tend to go more quickly to the integer than our other Pisot numbers.

This happens because Galois conjugates of ¢ 1is closer to the origin while Galois conjugates of
our other Pisot numbers are closer to the unit circle.
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From the proof of theorem 3.1 we can notice that the “closeness” of a power of a Pisot number to
d
an integer depends on its Galois conjugates. Namely lim(b” -a" ) =lim Y @' implies

n—w n—w “
i=2

lim|, —a”| = lim
n—»0

n—o

d
1
2.0
i=2

<tim3o[ <>jo]
R i—2
On the previous tables we have calculated Zd:|91| for our cases.
i=2

5. Conclusion

The approximation of integers makes almost integers an interesting object of study. Theorem 3.1
can be used to generate such numbers by using Pisot numbers.

However, by some examples, we showed that some Pisot numbers tend to approximate integers
more quickly than some others and we also showed that this depends on the distance of its Galois
conjugates from the origine.

References

[1]. Hardy, Gr H. "A problem of diophantine approximation." J. Indian Math. Soc 11 (1919): 162-166.

[2]. Lazami, Faouzia. "Sur les ¢léments de $ S\cap [1, 2 [$." Séminaire Delange-Pisot-Poitou. Théorie des nombres
20, no. 1: 1-6.

[3]. Panju, Maysum. "A systematic construction of almost integers." Waterloo Math. Rev. I (2) (2011): 35-43.

[4]. Pisot, Charles. "La répartition modulo 1 et les nombres algébriques." Annali della Scuola Normale Superiore di
Pisa-Classe di Scienze 7, no. 3-4 (1938): 205-248.

[5]. Salem, Raphael. "A remarkable class of algebraic integers. Proof of a conjecture of Vijayaraghavan." Duke
Mathematical Journal 11, no. 1 (1944): 103-108.

[6]. Siegel, Carl Ludwig. "Algebraic integers whose conjugates lie in the unit circle." Duke Mathematical Journal
11, no. 3 (1944): 597-602.

[7]. Thue, A. "Uber eine Eigenschaft, die keine transzendente GroBe haben kann.", Videnskapsselskapets Skrifter. I
Mat. -naturv (1912) (Norwegian).

[8]. Vijayaraghavan, T. "On the fractional parts of the powers of a number (II)." In Mathematical Proceedings of
the Cambridge Philosophical Society, vol. 37, no. 4, pp. 349-357. Cambridge University Press, 1941.

147



