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Abstract

In this paper are given some features and important results in the fuzzy metric space. The results that are
presented are related to the fixed point in the fuzzy metric space. The theorems which are elaborated
provide the existence and uniqueness of the fixed point in the complete fuzzy metric space. The proof of
which is done by using Cauchy sequence. Also are given results for the fixed point in the compact fuzzy
metric spaces. All these results are explained by concrete examples that once also present their
application.
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Introduction

The concept of fuzzy sets was initiated by L. Zadeh 1965 [5]. This concept was used in
topology and analysis by many authors. The concept of fuzzy metric space was introduced by
Kramosil and Michalek [3]. Later on, George and Veeramani gives the modified notion of fuzzy
metric spaces due to Kramosil and Michalek [3] and analyzed a Hausdorff topology of fuzzy
metric spaces. In 1988, Grabiec [4] proved an analog of the Banach contraction theorem in
fuzzy metric spaces. In his proof, he used a fuzzy version of the Cauchy sequence.

Preliminaries
To initiate the concept of a fuzzy metric space, which was introduced by Kramosil and

Michalek [3] in 1975 is recalled here.

Definition 2.1: A fuzzy set A is defined by 4 = {(x, uA(x)): x € A uA(x) € [0,1]} )
In the pair (x, UA (x)) , the first element x belongs to the classical set A, the second element
uA(x) belongs to the interval [0,1], is called the membership function.
Definition 2.2: A binary operation *: [0,1] X [0,1] — [0,1] is a continuous t-norm if it
satisfies the following conditions:
(1) * is associative and commutative,
(2) * is continuous,
(3)ax1=aforalla€[0,1],
4 axb<cx*d whenevera <cand b <d foralla,b,c,d € [0,1]

Examples 2.1:
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i. Lukasievicz t-norm: a * b = max{a + b — 1,0}
ii. Product t-norm: a * b = a. b
iii. Minimum t-norm: a * b = min(a, b)

Definition 2.3: A fuzzy metric space is an ordered triple (X, M,*) such that X is a
nonempty set, *is a continuous t-norm and M is a fuzzy set on X X X X (0,0) — [0,1]
satisfies the following conditions: Vx,y,z € X and s, t > 0

(KM1) M(x,y,0) =0 ,

(KM2) M(x,y,t) = 1,iffx =y, t >0

(KM3) M(x,y,t) = M(y, x,t)

(KM4) M(x,z,s +t) = M(x,y,s) * M(y,z,t)

(KM5) M(x,y,.):[0,0) = [0,1] is left-continuous.

Then M is called a fuzzy metric on X.

Example 2.2: Let (X, d) be a metric space. Define a * b = ab(a * b = min{a, b}) for all
a,b € [0,1] and define M: X X X X (0,0) — [0,1] as
t
M » t = =
xy,t) t+d(x,y)
Vx,y € X dhe t > 0. Then (X, M,*) is a fuzzy metric space.
We call this fuzzy metric induced by the metric d the standard fuzzy metric.

Definition 2.4: Let (X, M,*) be a fuzzy metric space, for t > 0 the open ball B(x,r,t) C
A with a centre x € X and a radius 0 < r < 1 is defined by

B(x,r,t) ={yeX:M(x,y,t) >1—r}
A subset ACX is called open if for each x€A, there existt > 0 and 0 <r < 1 such that
B(x,r,t) € A. Let T denote the family of all open subsets of X. Then 7 is topology on X,
called the topology induced by the fuzzy metric M.

Definition 2.5: Let (X, M,*) be a fuzzy metric space
(1) A sequence {x,} in X is said to be convergent to a point x € X if lim M(x,y,t) =1
n—-oo

forall t > 0.

(i1) A sequence {x,} in X is called a Cauchy sequence, if foreach 0 < e < 1andt > 0,
there exists n, € N such that M(x,, x,,,,t) > 1 — € for each n,m = n,.

(ii1) A fuzzy metric space in which every Cauchy sequence is convergent is said to be
complete.

(iv) A fuzzy metric space in which every sequence has a convergent subsequence is said to
be compact.

Lemma 2.1: Let (X, M,*) be a fuzzy metric space. For all x,y € X, M(x,y,.) is non-
decreasing function.

Proof: If M(x,y,t) > M(x,y,s) forsome0 <t <s.

Then (x,y,t) * M(y,y,s —t) < M(x,y,s) < M(x,y,t),

Thus, (x,y,t) < M(x,y,t), (since M(y,y,s —t) =1)
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which is a contradiction.

Theorem 2.1: ( fuzzy Edelstein contraction theorem ) Let (X, M,*) be a compact fuzzy
metric space with M(x,y,.) continuous forall x,y € X .LetT:X — X be a mapping
satisfying

M(Tx,Ty,t) > M(x,y,t) ..(2.1)
forx # yand ¢ > 0. Then T has a unique fixed point p in X.

Theorem 2.2: Let (X, M,*) be a complete fuzzy metric space and T: X — X is continuous
function and satisfied the condition:
M(Tx, Ty, t) = min{M(Tx,y,t), M(x, Ty, t),M(x,y,t)} ...(2.2)
Moreover, the fuzzy metricM (x, y, t) satisfies the condition
rlli_r)loloM(x,y,t) =1

Where x,y € X and x # y, then T has a fixed point in X.

Theorem 2.3: Let (X, M,*) be a complete fuzzy metric space and T: X — X is continuous
function and satisfied the condition:
M(Tx, Ty, t) = min{M(x,Tx,t),M(y, Ty, t), M(x,y,t)} ...(2.3)
Moreover, the fuzzy metric M(x, y, t) satisfies the condition
TILHEOM(x,y,t) =1

Where x,y € X and x # y. Then T has a fixed point in X.

. Main Results

Corollary 3.1: Let (X, M,*) be a complete fuzzy metric space and T™: X - X,n €N is
continuous function and satisfied the condition:
M(T"x, T™y,t) = min{M(T"x,y,t), M(x,T™y,t),M(x,y,t)} ...(3.1)
Moreover, the fuzzy metricM (x, y, t) satisfies the condition
Tlli_r)gloM(x,y,t) =1

Where x,y € X and x # y. Then T has a fixed point in X.

Proof. From theorem 2.1, T™ has a unique fixed point p in , so T"p = p.
Since Tp = TT™p = T"Tp, Tp is also a fixed point of T™. By the uniqueness it follows

Tp = p.

Corollary 3.2 : Let (X, M,*) be a complete fuzzy metric space and T™: X - X,n € N, is
continuous function and satisfied the condition:
M(T"x, T™y,t) = min{M(x,T"x,t),M(y, T™y,t),M(x,y,t)} ...(3.2)
Moreover, the fuzzy metricM (x, y, t) satisfies the condition
TlliigoM(x,y,t) =1

Where x,y € X and x # y. Then T has a fixed point in X.

M"00



Journal of Natural Sciences and Mathematics of UT, Vol. 4, No. 7-8, 2019
Proof. The proof is similar to that of corollary 3.1.

t
t+|x-y|’

Example 3.1: Let X = [0,1] and fuzzy metric is defined by M(x, y,t) = t>0

and* be the continuous t—norm defined by a * b = min(a, b) .

Conclusion

Clearly, (X, M,*) is a complete fuzzy metric space and T be a self map on X is given by
Tx=1-x.

Now, (3.1) and (3.2) of Corollary 3.1 and Corollary 3.2 are satisfied by above defined
fuzzy metric and T.

Thus T has a unique fixed point in X. That is at = % .
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