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Abstract 

Differential equations are used to model problems in science and engineering that involve the change of some variable with 
respect to another. In real-life problems, the differential equation that models the problem is too complicated to solve 
exactly for this reason, in recent years much attention has been devoted to deriving numerical methods for approximating 
their solution. In particular, in this paper we consider the use of Adams-Bashforth like a multi-step method. Adams-
Bashforth method of different steps is constructed, and then we use the fourth-step one, on Mathematica Package for 
numerical approaches. The numerical results are compared with analytical ones, shown in different ways, tables and 
graphics, accompanied by examples of their use. 
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1. Introduction 

Most of these problems require the solution of an initial-value problem, that is, the solution to a 
differential equation that satisfies a given initial condition. In common real-life situations, the 
differential equation that models the problem is too complicated to solve exactly and one of two 
approaches is taken to approximate the solution. 

One-step methods works with the approximation for the mesh point   involves information from 

only one of the previous mesh points, . Although these methods might use function evaluation 

information at points between and , they do not retain that information for direct use in future 

approximations [1,2,3]. All the information used by these methods are obtained within the 
subinterval over which the solution is being approximated. The approximate solution is available at 
each of the mesh points  before the approximation at  is obtained, and because the 

error  tends to increase with , so it seems reasonable to develop methods that use these 

more accurate previous data when approximating the solution at . Methods using the 

approximation at more than one previous mesh point to determine the approximation at the next 
point are called multistep methods. The precise definition of these methods follows, together with 
the definition of the two types of multistep methods [1,4,5]. 

Definition 1.1. The m step multistep method for solving the initial-value problem 

                                          (1.1) 
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  at the mesh point 1it   represented by 

the following equation, where m is an integer greater than 1: 

 

for , where .  and are constants, and the 

starting values   are , the method is 

called explicit, or open,when  the method is called implicit, or closed [5,6]. 

 

2. Adams-Bashforth Method 
 

The methods introduced by Astronomer Royal John Couch Adams in 1855 were the first of high 
order that use only function evaluations, and in their current variable-order, variable step-size 
implementations they are among the most efficient methods for general non stiff  initial value 
problems.Adams was particularly interested in the using his ability for accurate numerical 
calculations to investigate the orbits of the planets. He predicted the existence of Neptune by 
analyzing the irregularities in the planet Uranus, and developed various numerical integration 
techniques to assist in the approximation of the solution of differential equations [5,7]. 

Let be an initial-value problem, with initial condition for .  If 

integrated overthe interval has the property that: 

  (2.1) 

To derive an Adams-Bashforth explicit m-step technique, we form the backward difference 
polynomial through    given with, 

 

the step size is , also the integral taken from (2.1) can be transformed to: 
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From we have an numerical approach method given with: 

                                      (2.2)
 

named as two-step numerical method of Adams-Bashforth. 

 

Example 2.1.  Adams-Bashforth with polynomial of order 0:  

 

 

 

                                                        (2.3) 

This means that this method, with the presented condition, is nothing but the Euler method with 

local error and global error . The Adams-Bashforth method with the polynomial of 

degree 0 is identified with the Euler method, the error in that case is the same as in the case of the 
identified method [6,7]. 

 
Example 2.2. Adams-Bashforth with polynomial of order 1: 

 

 

 

                                                         (2.4) 

This means that this method, with the presented condition, is nothing but the method of Trapezoid 

with local error and global error . The Adams-Bashforth method with the polynomial 

of degree 1 is identified with the method of Trapezoid, the error in that case is the same as in the 
case of the identified method [5,7]. 
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Example 2.3.  
example of solving an ordinary differential equation using NDSolve of Mathematica package. The 

differential equation taken in this example is:  on the segment  with step size

. 

 

 

 

 

 

 

 

 without knowing , the solution to the problem, so we 

instead integrate an interpolating polynomial  to , one that is determined by some of 

the previously obtained data points . When we assume, in addition, that

, equation (1.1) becomes . 

To derive an Adams-Bashforth explicit m-step technique, we form the backward difference 

polynomial through some 

numbers exist with: 
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Introducing the variable substitution  with  into   and the error term 

implies that 

 

 

(2.4)

 

The integral  for various values of are easily evaluated and are listed using 

Mathematica package [8,9]. 
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Weighted Mean Value Theorem for Integrals can be used to deduce that for some number 

,  the error term in becomes  

 

For different steps, the numerical method of Adams-Bashforth, have different formulas. Those 
different  
forms are given in the next table [7]. 

 
 

Step Formula Error 
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3. Numerical examples  
 

Example 3.1.An implementation of Adams-Bashforth method for solving differential equation 
using the package Mathematica [9]. The differential equation used in this experiment is 

 with initial value . The results are shown by fourth step Adams-Bashforth 

Method [7,8], with steps-size  for . 
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The same equation is solved using NDSolve from the same package, an multi-step code for 
numerical approaches of differential equations which is very closed to exact solution [8,9]. The 
results are compared with the previous ones and show that the method is useful for our 
experiments. 

 

 

 

Example 3.2. We use Code [9] on Examle 3.1. to approach the solution of , 

with initial condition , step size  on . The results are:  

 

 



 
Journal of Natural Sciences and Mathematics of UT, Vol. 5, No. 9-10, 2020 

 

149 
 

 
 

The results are compared with exact solution of the current equation as: 
 

 
 

4. Conclusion 

The particular mathematical method used is an Adams method, it is simple to understand and code, 
but it is efficient and robust enough for real work. Adams-Bashforth methods of order 4 is used to 
find numerical solutions of initial value problems. The effectiveness of this method for the treatment 
of stiff problems isshown on the bases of its attractive properties. Numerical experiments also are 
presented using different content of solving them, NDSolve or Analytical solve.  The method, inside 
all the code have good stability properties, and the behavior on some difficult test problems, is good. 
In our implementation of this method we use Mathematica Package 11.0. 
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